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Chapter 0

INTRODUCTION

Goal understand BVP (boundary value problems) of PDEs | PsDEs via theory of
stochastic processes

Pu(x)=E*u(X,)

X, stochastic processes | ©investigate Markoymemoryless | P gperator semigroup

Kolmogorov's theorem

P, =P, P, operator valued

Hilbert space theory Hille-Yosida theorem functional equation of exp

Fukushima 1969-1972 H=L>(X,m) (Pazy or Lax { 34)

Lax-Milgram theorem (Lax § 6)

(8’ 9:) Dirichlet form Idea: behaves like scalar product (A’ B(‘A)) generator l
Ew0)=(—Au,v)q; WED(A), vEF) - 7

0.1 Theorem (Kolmogorv’s theorem). X, is described by P* (th €B,,....X, € Bn)
forO0 =t, < -+ <t,and By, ... B, Borel (n € N). Then there exists a stochastic process

(X )50 or (PY) ..

Fukushima’s idea:
Pu(x) = Eu(X,) = Iu(y)[l:”x (X, € dy)
— P* (X, € B) = P1(x)

Markov property gives the Chapman-Kolmogorov equation
P*(X,,€C,X,€B) = J P*(X, € dy)P*(X, € C)
YEB

Problem P, : L? - L? 1, € L* = P1, € L* representative has null-set N, p (over-
countable many!). So we need control of N, z: build up with Chapman-Kolmogorov.






Chapter 1

QUADRATIC FORMS AND BILINEAR FORMS

Source: Oshima, de Gruyter or lectures from 1994, 1989.

Setting

« Hilbert space, mostly R-Hilbert spaces: H = L*(X,m),

« (X,d) a separable’, locally compact® metric space with metric d = d(x, y),

« m = Borel measures on B(X) = o(d-open sets) and Radon, i.e. m(K) < oo VK C
X compact

« sptm = X «full supporty, i.e. VU open: m(U) > 0 (to avoid )_ Delta functions)®

1.1 Definition. F C L?(X,m) dense linear subspace. Amap €& : FXF - Risa
(densely defined, real-valued) bilinear form, if

u— Eu,v), (vew)
v E(u,v), WEF)

are R-linear. € is symmetric if

Ew,v) =EW,u) (u,veF).

Examples
« (u,v) = (u,v)» = [, uvdm,
« (Au,v);>, where A : D(A) C L*(X,m) - L*(X,m) linear operators.

Remark Why densely defined? This is usual needed for closure or (mostly) unique-
ness questions.

1.2 Definition (Notations). a) &°(u,v) := %(S(u, v) + E(v, u)) symmetric part
~N Ew,u) = E(u,u)=: EW) :=: Eu)

b) €%u,v) := § (E(u, v) — E(v,u)) antisymmetric part
~N Eu,u)=0

3 countable, dense subset

2¥x3 a neighborhood U (x), U(x) compact = finite dimensional space!
3Exercise: m = Z;’;l ajéxj, (x;); C X dense




4 - Quadratic Forms and Bilinear Forms

c) E,u,v) i=EW,v)+alu,v);,,, a €R, E=Ejand &}, E; etc.

1.3 Definition. The bilinear form (&€, F) is bounded from below (lower bounded) if
(E) Iy =20 : Ew,u) > —y (u,u),» orequivalently E,w)=>20 @eEF

(€, F) satisfies the sector condition (is sectorial) with a sector constant k (> 1) if
there exists a k(= 1) and

(€2) E(u,v)

kVEWVE, (V) (u,v€eF)
KVEW) (U0 € F)VEL(v) (a>7y),

where the second equation is called weak sector condition. (€, %) is closed if in
addition it holds

<
<

(€3) (F,E&5(:,+)) is a Hilbert space a > 7.

Remark You sometimes see the following notions: If y = 0 in (E1), € is positive
definite, y < 0, € is coervice.

1.4 Remark. Always a > y, u,v € F (Exercise: consider a = y):

a) €5(u,v) is a scalar product, we always have
eq::1 (1) €@, v)| < V/Ex(u)/Ea(v)
(") VEuuzv) < VEw + VEW)
() [VE - VEiw)| < Ve z o)
b) a,f >y we have E,(u) < E4(u) for all u € F*

eq::1--

Proof. WLOG f > a > y.

Ea() = &) + (@ =) |lull” < &4u)

<p-v

and the other direction follows from

Ealt) = &,(0) + —L(B =) Jul?

p—v
=277 <ﬁ_y8y(u)+(ﬂ—y) ||u||2>
f—yv \a—y
a—y
> &5(u).
p—v o

~ all Hilbert spaces (F, &} are equivalent. [ |

)a>y
‘fxgie=3Acief)<gD L L.




c) Polarization indentities a > y

£3(u,0) = % (E3u + v) — E4u - 0))
- %(83@ 1 0) - E5w) — E3(0))

d) Sector condition is a control on £¢. Note that

£9(u, v)| = % €0, v) + E(v. )|

< % &, 0)] + % €0, )| @)

(€2)

< kVE(u)VEq(v),

mind (€2) is «symmetric» in u and v on the right hand side. Moreover assume
only (2), not yet (£2), then:

1€, V)| < [€°(u, v)] + [E%(u, V)]

|
1€, V)| + |E%w, v)| + a [(u, 0)]  (a>y >0)
@)

< (K + DVEL(w)VE() + a|ull ||v]]
<<K+1+ ¢ )x/aaw)\/ea(v),

a—-y

N IN

—

a

Rl

where we used (last equation) E,(u) = €,(w) + (@ —y) |[u]| = =L - a[[u]|.
Keep in mind a > y gives coercive for E,.
e) From (£2) we get for a > y

1€ (u, 0)| < <K n aL_y> VEL()VEL(D) (3)

Hint: as in part d), difference is only al.
f) closed: (F, E5(-,-)) is a Hilbert space. This is equivalent to saying:
W), CF, Euu,—u,) ———>0 E,Cauchy (4)

= JueF: Eu—-u, 2o E,-convergence (5)

g) We may read the «a > y» in (€3) either: da > y or Va > y. Indeed: b).
h) (€2) with a > y is «weak» sector condition, @ = y strong sector condition.

Problem is usually (£3). Hard to verify in concrete cases (— Sobolev spaces!). Way
out (partially) is notion of closabilty.

eq::



6 - Quadratic Forms and Bilinear Forms
1.5 Definition. A lower bounded, sectorial, bilinear form (€, F) is closable if for some
(then for all) @ > y we have

n,m—oo

w,),c¥F, & u,-u,) ——0, ||un||L2 -0

= £,(u,) ——— 0 (6)

1.6 Definition. A bilinear form (€, F) extends (&, F), if
FcF and Ew0v)=Ewv) WveF 7)

We write: £ D E.

1.7 Lemma. A lower bounded, sectorial, bilinear form (€, F) has a closed extension (E, 5-”)
iff (€, %) is closable.

Proof. <= Let (&, %) be closable. Fix @ > 7.
L= {(un)n CF:(u,),is Sa-Cauchy} ,
w,), ~ @), = lim&,u,—u,)=0
Claim ¥ := L/N, E(u, v) =Ilim, E(u,v) = (E, F) does the job.

1° lim, €,(u) exists V(u,) € £ (a > y fixed) and use the lower triangle inequality

(")

< \/ea(un - le) —0

Ve, - Ve,
~ (Sa(un))” Cauchy in R.
2° lim, €,(u,, v,) exists V(u,), (v,) € £

|E@w,, v,) = Eu,,v,)| = | Ew,, v, — v,) + E, — u,, v,)|

w-sec
< k &P, €L, —v,) +x ELw, —u,) EP,)
L Il ] L Il ]

bdd 1° -0 -0 bdd 1°

m,n10

___),
so it is again Cauchy. Exercise: show that ((un, Un>L2),, also Cauchy. Hint: a >
7, use E,(u) = 0 and (u,) € £ is also ||-|| ;- —Cauchy, use estimate at the end
of remark 1.4 d): E,(u) = (a — ) |[u]] .-

3° Well definedness (lim, is independent of the sequence). Same argument as

in 2% (u,) ~ (u,), (v,) ~ (v)). Replace in 2° u, with u, and v,, with v/, then
Eq(u, —u,) — 0 by equivalence, €,(u,) is bounded since (some!) lim exists.
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4° (€,F) is closed. Pick a sequence (w,) C F. Each w, has an approximating
sequence (w, ), C F. So

Ve >0Vn e NIN,_,Vk 2 N, : E(w,, —w,) <&

If (w,), is E,-Cauchy, we get

(£, — w,)" = (8<w )"
(g(w )1/2 + (8(10" — wm))l/2 + (S(Lum - wm,l))1/2
3

<
< g,

if n,m > N_, from Ea-Cauchy, and k > N(n,¢e). Use diagonal sequence
(W, nwiwen € L, ie. defined an element w in & (by construction) and
Ea(wn,N(n,l) - W) - 0.

5° ga extends &,. Trivial: u € F, then (u,u,u,dots) € L, ie.u € 7.

—> Let € D € be a closed extension. Let (u,), C F C F, Eo(u, —u,) = E(u, —
u,) — 0 (Cauchy) and ||”n||,, — 0. To show: E,(u,) — 0. Use &, is closed,

— ntoo =
ie. E(u, —u) — 0 for some u € F. To show: u = 0. Since L* is closed:
ntoo
||un||L2 = ||un — 0||L2 —— 0 by assumption, so u = 0.
|

Next aim  Structure of such forms

Recall Linear algebra ¢ = symmetric bilinear form on a n-dimensional vector space
V, with basis b, ..., b,, then

q(x,y) = X'Ay = (x,Ay),
-, +) the scalar product on V. A = (q;)), a;; = q(b;, b;) symmetric «structural matrix».
p ij i»0j) SY

Idea «&q(u,v) = (u,Av);2x ,»» Where A is a linear operator

Functional analysis  Lax-Milgram theorem, but we are not symmetric.

1.8 Theorem (Stampacchia 1964, non-linear version, extends Lax-Milgram). & is closed
(= lower bounded, sectorial) bilinear form on F, I C F, I" # @& closed convex subset. J
is a continuous (w.r.t €,, @ > y) linear functional on F:

= dlvelVwel : & w-v) 2 J(w-"0) (7) |eq:

(7) is usually called «variational inequality».

17



8 - Quadratic Forms and Bilinear Forms

1.9 Remark. I = closed subspace. Then (7) <

AlvelVweTl : E,w) = J(w) 7)

Proof of theorem 1.8. 1° Stability Assume u,, u, solve the problems: Vi € I

ga(ul, w— ul) = Ji(w — ul)

Sa(uz, w — uz) = Jo(w — ”2)
Pick w = u, and w = u,, respectively. Then add inequalities

Ealuy —up,uy —uy) 2 J1(uy —uy) + Jo(uy —uy)
Ealuy —uy) < J1(uy —uy) + Io(uy — uy) (8) |eq::8
< 31 = 8ol €2(uy — uy)

So €,-continuity of J just means:

131 < 1131l €% (w)

2° Uniqueness of the original problem: know g, = J, = g, so u; = u, by 1°, i.e. only
one solution possible.

3° Existence of € is symmetric Auxiliary function

J) = Ex(v)—29(v) (veT) 9)
d = inf J(v)
vell
By continuity, we get |J(v)] < ||19]| EY*(v) and

9] > E.(0) =213l €2W) + 113N1° ~ 1311* > ~ 11311,

perfect square, >0

Yoell )
== d > —||J||” > —oo,
. : ntoo
so the inf can be attained. So 3(v,), c I' : I(v,) — d.
Aim now v, converges. Uses parallelogram indentity for E,(-, -):

E(v,—v,)+ &, +v,) =2E(v,) +2E(v,,)

v, +v
E(v,—v,)=-4E, < 3

m> +284(v,) + 2E4(v,,)

€r’, convex
v, +v, , o
=23(v,) +2I(v,) —4 3( 7 > (mind J is linear)
= om =

>d

limsup E,(v, —v,,) <4d —4d =0,

n,m— oo
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so limsup = 0 = lim = O (since the sequence was positive) = (v,), is Cauchy.
— v=E&,—lim v, exists

n—>oo " n

= v € " since I' is closed = inf is attained.

Finally Ve € (0, )Vw € T’

0<Iwv+e(w—-0))—I(v)
= 2e&,(0,w — V) = 2eJ(w — V) + €2E,(w — V)

Now divide by ¢, let € | 0, rearrange and get (7).

Non-symmetric part ldea: it is a perturbation of symmetric part. Need auxiliary
form:

q,(u,v) = E3(u,v) + 1€ (u,v) O<r< 1)
Assume the assertion of the theorem holds for some = € [0, 1), i.e.
Nvel'Vwel :q(w,w-v)=>J(w-"0o).

7 = 0 is just 3°. We show: can replace 7 by t € [7,7 + x). Letu € F, t > 7. Then
v J) = (t—1)E¢(u, v) is a linear functional (u fixed!), it is q,/E,4-cts:

3
13() = (t = DELw, v)| < 1]l E(0) + (t — 7) (K+ - > V() VEa(v)

a+y
= [uan +(—1) <r<+ * )\/&x(u)] Ve ).
a+y I
=\/qt(U)

Use this new linear functional instead of our J in the «induction assumption»:
Av=Tuel :VweTl

q.(Tu,w —Tu) 2 J(w — Tu) — (t — 1)EG(u, w — Tu),

study u — Tu (in general not linear). Take u = u,, u =, and step 1°, J;(x) =
I(x) — (1 — 1)€4(u;, x), then by (8)

®
q,(Tu, —Tu,) < (t —1)E5(u; —uy, Tuy —Tu,)

(2 (t—1) <1< + - i )/) \/&X(u1 - uz)\/&x(Tu1 —Tu,),

SMind: g, (u, u) = Eq(u, u) = E5(u, u), so q,-cts = Eq-Cts.
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— \/E,J,(Tu1 —Tu,) <(t—71) (K+ ai_y) v Ea(u; —u,), pick t such that all < 1. So

T is an E,-contraction and by Banach 3 fixed point Tv = v and so

q,(v,w—0v) 2 J(w—-v)—(t—-1)€4v, W — D)
>

)
q,(v,w—v) = J(w — v) + iterate.

1.10 Example (mostly symmetric, y = 0). a) the closed form: Let D C R? an open
domain

E,v) = %J Vu-Vodx (u,ve Cr(D)) (10)
D

(€1), (&) clear. As usual (with all examples!) «closed» is problematic. C.° is too
small. € only controls at best 2 derivatives, converges in L*(m), but does not pre-
serve continuity. So use Sobolev spaces

_ 1 _ ’ . 2 Ju 2 —
S’—W(D)—{MES .ueL(D,dx)anda—XieL(D,dx)}, (1)

where % is a weak or distributional derivative. ldea is

<Qi¢> :=['91wn-}'wﬁwﬂx(mGC?amuelﬂbn
0x; 2 p 0X p OX,

L
this is a lin. fn.al def. by RHS

but if ¢ € C°(D) we have zero boundary. If £« ‘)” exists classically and is € L*(D)
we say that the linear functional represented by a” In general

ou ou ou ou
S — = 5 (S @l D s T = ey = 5 € 9, D s
0x; <0x. >L2 (D) ox, b <ax. >D (D)

1 1 ]

and note the old (french) notation D(D) = C*(D), D'(D) = (Cf"(D))*.

Too
Prove of closedness. Let (u,) C F, £;-Cauchy, i.e. €(u, —u,,) e 0, meaning
"0 Ju e LX(D,d v
. = wall 2 gy = jﬁ;j u& LD, dx) u, — u ()
n,mt oo 5 L?
|Vu, = Vu,|| — 0 = Jv e L*(D,dx) : Vu, — v. (%)
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Problem v = Vu?
Take Vo € C°(D)

2

L *
<U’ (p>L2 — <Vun’ §0>L2 = - <un’ V(p>L2 nT_oo) - <u’ V§0>

—> v has weak derivative Vu
= u € F and Vu exists and v = Vu
how big or small is C;°(D)? Very small!

=" £ WD) = W) (D)
Fact If dD regular
W) (D)= {ue WD) :ul,,=0},
where we use the trace operator

y 1 C¥(D) —» L*(0D)

u-ulyp,
and show ¥ is continuous.®
Integration by parts
1 1
Ew,v) = =| Vu-Vvdx = =| —Au-vdx ,
2Jp 2Jp

| | |
defined on F,u,0,Vu,VoeL? defined on u,Vu,AueL2,0eL?

but the left side is a form E(u, v), F and the righthand side is a generator L =V,
(—Lu,v) foru € D(L),v € L*. On the RHS we have

ueWi(D)={ueD :uec D), Vue L*(D), Au€ L*(D), u |,p=0, Vu |,,=0},

is the domain of the Dirichlet-Laplace operator
Structure of most general symmetric closed forms on RY which are interesting to

us’

d
Ew o)=Y [ ou 90U, (dx) +j ((x) — u(y) (V) — (3) (dx, dy)

ij=14D ox; axj DxD\diag

+J u(x) v(x)k(dx) (12)
D

= 2nd ordner term + ath order term, 0 < @ <2 + Oth order term ,

8Source: any book of Sobolev spaces, e.g. Adams: Sobolev spaces.
’giving semigroups and processes.
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here v v.., k = radon measure on D, J = Radon on D x D \ diag and

ij = Vjir

|x — ¥|*J(dx,dy) < oo (K C D compact)

d
KxK\diag
e J(KX(D\U))<oo (KcUcD,U open, U c D compact)

Exercise above should be equivalent to JDxD\diag %H(dx, dy) < oo.

WLOG  J(dx,dy) = J(dy, dx) else: J(dx,dy) := %(H(dx, dy) + J(dy, dx))

d
further Zfl.fjvij(K) 2 0 (K compact, ¢;,¢; € R%), ensures positivity (i.e.
i,j=1

y =0in (€1)

clear & is symmetric, bilinear, y =0

easy & defined foru,v € C°(D)

hard & closable on C.°(D) needs more assumptions.

show & makes sense for u,v € C° : Ist, 3rd term on rhs of 12. 2nd termn: split
J-integral:

J...H(dx,dy)=l +[ +J +J )
UxU\diag JUx(D\U) J(D\UxU  J(D\U)x(D\U)\diag

U c D so that sptu, spt v C U, U compact. By the mean value theorem

lu(x) —u)| < clx -yl

in the Ist integral, next

(u(x) — u(y)) (v(x) — v(y)) I(dx, dy) = [ u(x) v(x)J(dx, dy)

Ux(D\U)
< lull, NIl A(K X (D \ U)),

[ Ux(D\U)

K = sptu U spt v is compact and C U, where U is open. Fourth

- ()’
J(D\U)X(D\U)\diag

as sptu,sptv C U.
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y = 0 and 1st integral on the rhs of 12

d
ZJ ou auv (dx)>0
8x6

ij=1
d
have Z Jf &;vi;(K) 20 (K compact)
i,j=0

!

simplex idea for have to >

C, so small, that

0 o
SSCX) R z(jk), e.g. n, = center of C,

1 1

! 0 0
=>J Ou du_ 4 ZJ u(r) u(nk)dvij,
Ck

ox;0x, 7 45 ox;, 0x;

Remark make «=» rigorous by Lebesgue’s Differentiation

Theorem Vu € L'(u). Then (w.r.t u) in x
) 1
lim d .€..
Jim —2~ O J fuldy) = f(x) ae
where C is nicely shrinking, e.g. B(x,r), r | 0.

I =(bCR, a<babeR,

D(u, v) = J u' (x)v' (x)dx,
I
FR = {u e L*(I,m)n L*(I, k), u is absolutely continuous and D(u, v) < oo} .

base space: L*(I, m), m Radon, sptm =1,

Eu,v) = %[D(u, v) + J u-vdk, F = FR,
I

u-udk+[ u-vdm

1

Ei(u,v) = %[D(u, V) + J

1

(&€,9) is closed.
Proof of closedness.. (u,) C FX, €;-Cauchy. Then

2 X
W, 2 r e 12dx),

2 m 2
et O, e L2m) n L2(k).

n
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Aim u existsand = f.Vx,y € I Yu € FR

2

|u(x) — u(y)|* = < |x = yI> D(w)

y
J u' (t)dt

X

= dn;, u, — i cts, locally uniform convergence®
— u=i(m+k)ae andVp e C7(1) :

I m=o Jp r

j nj

i.e. @i is absolutely continuous and i = f, i.e. i’ € F.

8exercise, come from the bound above, usual covering and 3¢ trick



Chapter 2

SEMIGROUPS, RESOLVENTS, GENERATORS

. . . Stampacchia .
aim Form @ extra properties = Dirichlet form —————— Resolvent — semigroup

Markovian
aimin {2 Hille-Yosida therem

setting (B, ||-]|) Banach space over R, all «operators» are linear

2.1 Definition. A family of bounded linear operators' (P,),5,, P, : B = B is a (Cy)-
semigroup or strongly continuous semigroup of contractions if

PO:id’ Pt+s:1)t°Ps(:Ps1)t) (1)
[Pl < llull - VeuB 2)
i | P =0 g
lim|[Pu— Pul| =0 Vs,1 (3)

s—t

Idea (1) - (3) is an «operator valued» functional equation of the type:
(s +1) = @()e®), @0) =1,

t
which has a solution @(t) = ¢'% a € R suitable, a = ¢'(0+), ok if ¢ : R, = R.
In operator case: a is a linear operator, but
def & " < ao...oqa
exp(a) = ZO i Zo BT
converges if a is a bounded operator. Problem if a is not bounded in B! Typical example
isA:DA)cC—-C.

2.2 Definition.  (P),, (Cy)-contraction semigroup. The linear operator defined by

. Pu—u .
DA)=queB: hlr(l)n . exists (strongly) in B (4)
t
v . o Pu—u gt
ue D) : Au := ltllr(l)’l =% Z_OP,u (2.1)

'Recall, bounded means IcVx € B : ||Tx|| < ¢ ||x|| < cts (at 0)
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is called the (infinitesimal) generator of (P,),.

Study relation P, «<— A. Need a good notion of integrals of B-valued integrands.
Letu : [a,b] = B, t — u(t) is continuous. We can define

b def .
J u(s)ds = lim Riemann-Sums with convergence in (B, ||-|])-

a

This object has all good properties of a Riemann-sums as we know it from R.

2.3 Lemma. Lletu : [a,b] = B be continuous.

a+e
lia)q 1 [ u(t)dt = u(a) strong/B-convergence.
el0 g J,

Proof.

H 1 Ja+s u(t)dt — u(a)
€

lim £ rﬁ(u(t) — u(a))dt

a el0 € a
1 a+e
<27 o - oy
), —————
ctsint
el0
< sup lu(t) — w(@)|| ——— 0.
a<t<ate uniformly cts
|
2.4 Lemma. (P),5, (Cy)-contraction semigroup.
Yue DA)Vt >0 : %P,u = APu= PAu (6) |eq::srg6
t
Vue B : J P.uds € D(A) (7)
0
t t
Vue DA) : Pu—u= A[ Pus = [ AP uds (8)
0 0
okVue B
Attention A : B — B is in general not continuous
Proof. First (6) Let € € (0,¢), 7 > 0. Then
Pu—P_.u Pu—u
——— — PAu|| < ||P_,——— — + || — P,Au”
€ €
Pu—u
< — Au|| + ||Au + PEAu”
€
el0

—— 0+ 0 bjou € D(A) and (3).
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shows (??) for left-derivative. The right-derivative is easier. That AP, = PA follows
from
P—-P PP — P

P
APu=lim —=—"—Iy=1lim——Iy= PAu Vue€ D(A).
510 Ky sl0 S

Next (7). Since the continuity of the operator and linearity

P —id (! 1 ("
Puds = - | (P, — P,uds
€ 0 € Jo

1 t+e 1 £
= — J Puds — - J P uds ———= Pu—u
€ Ji € Jo ‘

Since the limit exists, we get f(; P.uds € D(A) and the value of the limit is given by:
A [} Puds = Pu—u.=> (7) and 1st «=» of (8) Vu € B.
Now (8): Let u € D(A). Then

1 (6) 1
PAuds = | APuds
0 0

"d
=J —Puds = Pu — u.
o ds

Exercise u € C;([a, bl,B) : Lﬁ’ u'(s)ds = u(b) — u(a). Hint: uniform continuity gives
[lim = lim [, use ||[ ...|| < [ Il = classical Riemann integral.

Problem withA D(A) € B, A : D(A) C B — Bis, in general, not bounded. Typical
example: B = C,, D(A) = C;, A = A, u” cannot be controlled by u.

2.5 Lemma. (P), (Cy)-contraction semigroup, generator (A, D(A)). Then

a) D(A) C B dense
b) (A, D(A)) closed, i.e.

(u,), C DA)
(Aw,), is Cauchy and (Du € D(A)
5 (DAu = lim,_, Au,
un —> U
Compare the lefthand side of (b) with 1.4 f) and the righthand side as continuity of A gives
closedness of A.

Proof. a) Letu € B.Sete =1

€ el0
u, = Puds ———=u

??
0 Lemma ??

L
€D(A)by (7)
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ntoo

b) Let (u,), C D(A) as in the statement. Then 3w € B : Au, — w (Cauchy,
complete) and

Pu—u=1lm(Pu, —u,)

n

t
= limJ P Au,ds

0
t
= [ P.wds
0
Applying Lemma ?? yields
1 [ 110
— —(Pu—u)=-| Pwds ——— w
t t 0 Lemma?2.3

M
= u € D(A) by existence of the limit, (2) Au = w by value of the limit.

Exercise (P,), (T,) are 2 (C,)-contraction semigroups on B

« s> PT,__are differentiable, s < ¢
- find the derivative. Keep in mind: A, B are generators,so A =B < P, =T,

2.6 Definition. (P,), (C,—)contraction semigroup. Set

Uu = J e *"Pudt, ueB,a>0. (9) |eq::srg9
0

Then (U,),so is the resolvent, U, the resolvent operator at a > 0.

The integral is finite, indeeed:
* —at ® —at 1
||Uau|| < ||e Ru” dr < e " |u|| dt = — ||u]| .
0 0 @
As t — e~* Pu is continuous, (9) defined on B a family of bounded linear operators.

2.7 Theorem. Let @ > 0,u € B and (U,),., as in Definition 2.6.

a) ||aUau|| < ||u|| («contraction»)

aloo
b) ||aUau - u|| —— 0 (some times called «strong continuity»)

c) (a— A)7! exists (onB)and U, = (a — A)~!is bounded.
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d) a,p > 0, the resolvent identity holds:
Uu—-Upu=(p-a)U,Us, VueB.

Keep in mind: the Semigroup commutes, so does the resolvent, «anti-commutes».

Proof. a) v/

b) Usual trick

|aU,u —ul| = Hro ae " (Pu — u)dt
0

(o)
< J ae™™ || Pu — u|| di
0

= 00e_s” u— u”dsa—m»O
0 s/ot (DOM)
<2IIMII

¢ (PU=U) = | " (P Pu)
E

1 (s9) oo
==| e ““IPuds— e “Puds
€ Je 0
o~ — © e % (€
= e “Puds — e “ Puds,
g 0 € Jo
I—II | L |
10 =U
g4 at E_l?e(xou

o (1) U,u € (A) since the limit exists. (2) AU, u = aU_,u — u as the value of the
limit. So we get

(e —A)U, =id < U, is the left-inverse.

Similarly we get for all u € D(A)

£ U, cts

so Uy(a —A) = id < U, is the right-inverse, where we used that P, [ P, =
[P.P.=[PP.

d) Using Fubini, we get:

UaUﬁu=J J e e ?" P Pudsdt
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Now use c)

Uu—Ugu=[(p-AUU, - (a —AUU;| u
= [BU,U, — AU,U, + AU, U, — aU,U,| u
= (f — )U,U,u.

aim1 prove Pu= ¢* u
 E—

give sense

2.8 Lemma (Duhamel’s formula). Let (P), (T,) (C,)-contraction semigroups, same ‘B,
generators (A, D(A)), (B, D(B)), respectively. Then

t
Pu—-Tu= I P(A -B)T,_uds, ue DA)NDB). (1) |srg:eqll
0
If PT, =T,P, then also
|Pu—Tul| <tlI(A=Bull, ueDA)ND®). (12) [srg:eqil

Proof. Let D(A) N D(B),

t
Pu—Tu= J iPsTt_suds
o ds
t
= J (PAT,_, — PBT,_,) uds.
0
limit

If PT,=T,P, D=IY> AT, =TA. Since ||T,_s|| , |

pl<:

t
2= Ta < | 2. - BT, ] 0
0

< [ 1A = Byull ds = £ |(A — Byul .
0

2.9 Lemma (Dynkin-Reuter). (A, D(A)) of a (Cy)-contraction semigroup. Assume that
(B, D(B)), same B, D(B) C B extends (A, D(A)), i.e.

ACBZ DA)CD®B) andB|, . =A.

DA)

If

Vue@(B):lBu=u=>u=Ol,

B—id injective.

then A = B, i.e. D(A) = D(B).
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Proof. Letu € D(B) and set g =u —Buand 7 := (id—A)"'g € D(A). Then

h—Bh=h—-Ah=(G1d-A)U,g=g=u—Bu
—Bh—-u=h—-u=—h=u

Sou € D(A), so D(A) = D(B). [ |

2.10 Theorem (Hille-Yosida ~1948). (A, D(A)) linearer Operator generates a (C,)-contraction
semigroup iff
(a) A closed
(b) D(A) C B dense
(c) (@ — A) has bounded inverse Va > 0
(@ [|orta = A) ]| < lull

Proof. =  Clear, see 2.5 and 2.7.

& Assume a) - d) holds. Set U, = (¢ —A)~" and define the Yosida-Approximation®.
For u € B:

A% = a(aU, — Du
=q (aUa —(a— A)Ua) u
= oAU, u

= aU,(Au) > Au u € D(A). (12)
The Yosida-Approximation is bounded:
||A("’)|| = ||a(aUa - 1)u|| La (”aUau” + ||u||) < 2a ||u] .

Can use A to build a semigroup!

and we have

HTvt(a)u | < e—ta i (at)n ||(aUa)"u||

This shows:

atoo

2 a_ — y0—a+A _ «a -
a(a_A 1)-04 'y —a_AA — A.
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« Y defined
. (Tt(“)> is semigroup (exp series!), contraction
>

« > converges locally uniform in # = continuity in ¢

= (Tt(a)> is a (Cy)-contraction semigroup.

=0

Play with @ U, U, commute, we see

TOT? =TPT® and T has generator A®
L |

Ex. = 1st order term in exp-series

Using Duhamel’s formula we get’

a,froo
HTt(a)” - Tt(ﬁ)u St ||A(a)u - A(ﬁ)u” —— 0 locally uniformly int Vu € D(A)

— (T\"u),., Cauchy if u € D(A) C B

= Pu :=lim T,(a)u, u € D(A) exists locally uniformly in ¢, i.e. P, inherits

from T*. So

aloo

« semigroup properties
« contraction

° (Co)

Problem D(A) too small!

Final step extend P, from D(A) to B ok as D(A) dense and ||Ptu|| < ||u]| is
(Lipschitz-)cts = gives semigroup on (B, D(B))*

Still open Is (A, D(A)) generator of P?

As (P) is a (C,)-contraction semigroup, there exists a generator (B, D(B)). Aim

A
SA@y v aU,Au ET—OL Au, and A% — APy > Au— Au if u € D(A).
*Excerise: Check (C,) on B carefully!
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is A =B.
t
1 (T[(“)u - u) = 1 J T YAy ds
| N
t
1 (Ru — u) = ! J P Auds
' Jo
ltio llimﬂ
d
—P, = A
dt Iu =0 y

=—> B D A. Since (id —B) is invertible (Reason for (P,), a) - d) are necessary for

the (C,)-contraction semigroup with generator B, we can use Lemma 2.9 to get
ACB=B=A |

2.1 Remark. Duhamel shows = of

A =B, A,Bgenerate P and 7T, <= P, =T,

and <= is clear by definition of A and B.

212 Lemma. Let (G,),., on B be a family of operator so that

aloo

aGu > u, ueB M)

|aGu|| < llull, ueB,a>0 (14) [sTg::eq14]
Gu-Gu=0p~-a0)G,Gu, ues (15) [srg::eqi5]

(«Pseudo-resolvent»). Then 3! (L, D(L)) so that (e — L) is invertible and G, = (a — L)},
L closed, D(L) dense.

1:1 1:1
Remark This finished the programme P, «<— A «— U, (by Hille-Yosida and Lemma
2.12)

Proof. Set D(L) = G,(B) = {G,u : u € B}, bjo (15): G,(B) = G,4(B) Ya,f > 0, s
D(L) independent of a.

G, injective «a is fixed, G,u = 0= u = 0.

Idea (15) then

G,u=0somea = Gu=0 V>0

2
=>u<—ﬁGﬂu=O=>u=0
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So G, : B = D(L) bijective, invertible. Define L. on D(L):
Lu=au—-f ifu=G,f €DL), f € B,
= (¢ -G, u
Is it well-defined, i.e. independent of a? Show
a—G,;'=p-G;' (a,f>0o0nDL).
Takeu e G,(B)3f€B :u=G,f and

G, ((@ =G hu—(p—G;Hu)
= aG,G,f — G,f - fG,G, f + G, f

(15)
=0,

Since Gy is injective, a — G,'=p- G,}l. |
Remark D(L) dense bjo (13) and (L, D(L)) closed (clear, inverse of a bounded op-

erator).

Direct proof D(L) 3 u, - u and Lu, - w = (a — L)u, - au — u and show
ue D), Lu=w.Butu =Ilim,u, =lim,G,(a« —L)u, = G, (au —w) = u € D(L)
and (¢ — Lu = au—w = Lu = w.

P =¢A
[ (P,),5o contraction semigroup ] ! [ (A,D(A)) generator ]

2.10 - Hille Yosida

Remark 2.1

" ee (@-A)'=¢,
G, = L e Pu dt [ (Ga)a>0 resolvent ] (@G,) (C,)-contraction

Now (A)CFandu,ve F: E®u,v) = (—Au,v)



Chapter 3

SEMIGROUPS AND FORMS

closed form (&,F) :=F c L*(X, m), bilinear, lower bdd (£1), bound y = 0, sectorial

(€2), closed (€3). Need Stampacchia’s theorem ??

HNvelVwel : E(v,w—-0v) 2 J(w—0)
If ' = F = vector space, then
NoveFVweF: E(v,w) = J(w)

So for vector spaces (1) < (1'), comes from F = —F; and (1') = Lax-Milgram theorem

Idea E,(v,w) = ((a—A),w);,=(f,w);» =3J(w)
SYweF . (a—Av=f

Lax-Milgram

—> I solution to this weakly v € F, not v € D(A).

We will check «(c)» in Hille-Yosida 2.10, i.e. «(@ — A) has a bdd inverse», i.e.
< (@ — A)u = f and find u for («many») f

3.1 Theorem. (&, F)closed form on L*(X, m). Then 3a (Cy)-contraction semigroups (T,),,

(T,), on L*(X,m), satisfying

Tf o <@l (T ]2 < e 171l
* dua”ty <71tf’g>L2 = <f’ng>L2

Further for a > y exists the resolvents

e Gof = [Xe T, fdt, C,f =[2e™T, fdt

and
&G fou)=(f,u);» = Eu, G f) VfEL*m,ueFcLm,a>y

An attempt for general notation f,g,h € L*(m) and u,v,w € F or D(A)

/ ) 212 210

1
Proof. Strategy & ( G, A T, G

a

'Keep in mind we mostly get only dense.

(2)

sf:

:eq2
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1° Use (1) with J(-) = (f, ) 24y (Ea-Cts as a > y)

o= G()EFVuETF : &G, f u)={(f,u) 3)
No=G,(f)eFVvaeF : &@,G,g) = (l,g), (4)
(3.2)

Claim f — G, f is linear. Consequence of uniqueness in (3) and linearity of
Ea(u), (- u) 2

datum f ‘ solution v

f G, f
@ G,p
f+o G,/ + G,
f+o G, (f +o)

so the third line gives (uniqueness!) G,f + G,¢ = G,(f + @) + additivity, rest
(homogenety) = exercise!

2 (Gof )1 = €(G,f.Go8) 2 (f,Gug) .

3° Resolvent equation for (G,),,. Pick @, f >y Vv € F. Then Vf € L:

& (Gof = (@= PG,/ 0)
= €4(Gyf.v) + (a = B) (Gyf. v}, — (@ — BEL(G,G,f V)
= (f.0)p+(a— B {(Gf.v),, — (@—p)(G,f.v)
=(f,0).2
= €4(G,f,0)

and the underlined stuff is equal as €,(-, -) is a scalar product!?
4° Contractivity a =7y +¢,€> 0. Then

€ ||G)/+ef||2LZ < 8Y+5(Gy+gf’c'y+ef)
= <f’G)/+6f>L2

(]
< ”.}(‘”L2 ||Gy+sf||L2 )

now dIVlde ||£G7+gf||L2 < ||f||L2’ Ie (EGy+£)£>03'
5° All steps from above apply to G,, too. = E,(G,f,u) = (f.u);» = {u, f)» =
Ea(t, G, f)

*Excerise: H Hilbert space, (-, -)qc. Then (A, h)g = (B, h)q Vh => A =B
3Keep in mind <= ||Gy+£f||L2 <Ll = ||Gaf||L2 < QITY IFAIFE

1:eq3

::eqd
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6° Generator (A", D(A”) as in 2.12. Use family (G,,,),.o. Need (213)-(2.15) stated in
2.12.
« D(A) dense, where Ga(LZ) := D(A), a > y. LHS indenpendent of a b/o
resolvent equation.
Let g € L*(m). Assume Vf € L*(m) : (G, f,g) = 0.* Then:

= Vf € L*(m) : (f.G,8),,=0

— G.g=0

= YueF: (u,g);» =&, G,g) =
- g =0,

o) Ga(Lz) dense in L*(m). Now check (213) «strong continuity»: a, f > y:

||“GaGﬂf - Gﬁf”Lz ||G =BG, Gﬁf”Lz
= ||G (f =BG, .

< — ||(f ﬂGﬂf)IILz — 0

ﬁfed

res. eqn

= aG,(G,f) > G,f, aG,u ’”—°°> uVu € G,(L?) = D(A)
= aG,f - fVf € L*=DA).

« Now use 2.2 to define (A”, D(A")): A := & — G, and know (A", D(A))
densely defined, closed operator G,,, = (€ — AL

7° Now use 2.10 (Hille-Yosida) to get a (C,,)-contraction semigroup (Tt(y)),>0 generated
by (A", D(A)). Resolvent (G

y+e)e>0'

Gettingridofy 1T, := e”Tt(y) (with the trivial semigroup, generator y)

T, is again a semigroup (direct proof) and (C,) bjo ¢ — e is cts.

T = sup L Dez )| 2 o] = o
t f;éo (WAIFE t t

Then for A >y
U/{f — [ e—/lteytj—vt(}’)fdt
0
— Jw e—(/l—y)tj'vt(y)fdt
0

=G, o f
— U, f=G,f Vi>y

*Need g = 0. Excerise: (3(, (-, -)) Hilbert space, then Vu € D CH : (u,8)30 =0= g=0)= D
dense.
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And finally, the generator of T;: Differentiate atr =0 : eszt(y)
A=A +y

8° The previous steps apply to T}, G_, L literally.

Note
(1) € generates a semigroup
(2) ¥ £ 0 < semigroup contractive

(3) Resolvent set can be shifted: o(B) = {z € C : (z — B) has a bounded inverse}. We
have seen (y,+00) C o(A) : A «— &

ultimate aim  study stochastic processes X, (@)
+ naive X, is a random object evolving in time ¢ («movement»)
« P, semigroup is also «evolution»
Py = PP,

so naive start in O und move to 7 + s. So the semigroup property says start in
0 over P, and stop in s as some initial condition (so the PDE does not change
character, need unique solution) then move with P, to t + s.

« stochastic process: «Markov property»

«X

t+s

=D(X,, X, ,)»
The idea with semigroups. Assume P, is given by
P f(x)=| f(»p,(x,dy) integral operator

PP f(x)=| P f(yp(x,dy) = J J f(@p(y,dz)p,(x,dy)

P fx)= [ f(2)p45(x,d2)
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so we get the Chapman-Kolmogorv equation

Piis(x,dz) = J py(y,dz)p,(x,dy)

Diis(X, B) = J p,(y, B) p,(x,dy), where B C X Borel
X 1

!
<1

Idea

D,+s(x, B) = probability to begin at # = 0 in x and to move in (t + s) time in B
=P'(X,, €B) <1,

but the last equation means Chapman-Kolmogorov does not create mass!

Assume p,(x,-) is a measure so that the mass < 1 «sub-probability»

Consequence P f(x) > 0,if f > 0and P, f(x) < 1if f < 1. Both together we call
(sub)Markov property of (P,),5

Now all semigroups are sub-Markov

DIY If (T}), is sub-Markovian, then (aG,), is sub-Markovian. Converse also holds.

3.2 Definition. Let (€, F) be a closed form with resolvent (G,),.,. The approximate
form is

E(f.8) i=a (f —aG,f. &), (f.g€L*(m). (3.3)
3.3 Remark. (i) Notation E&%(-,-) := &%, )+ A (-, )2
(i) Useful identity

E‘a(fa U) = (X(f - (XGaf, U>L2 = (X<f, U>L2 - (X<(XGaf, U>L2

= a€u(G,f,v) — a{aG,, V), (3.4)
= &(aG,f,v)

(iii) Philosophy E* = «Yosida approximation». Since, formally,

a(l—aGa)=a<1— ¢ >=_aL =—-a LG,
a— L a— L
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we expect

atoo
<_a L Ga’ g>L2 — <_Lf’g> .

ok, if f € D(L), g € L*(m).

3.4 Llemma. leta >y, A=y ((,“Ty)z f.g € L*(m), u,v € F. Then

EG, f,aG,f) < EXS. /), (35) [oF: eq3
E(aG,[.aG,f) <& (f. /). (38) [st:reqsT
&°(f, 0l < KVELS NHVE (v, 0). (36) [s%::eq38
€%, )] < K VE, (1) V/E(8. ). (38) [s£:reqs8

|E*(u, u)| < KZSy(u, u) + Kﬂ lull 2 v/ €, (u, u). (3.7) |sf::eq39
E(aG u) < E,(w)) (Z) K2E(u) (3.8) [sf::eq3t

If y =0, we can take A | 0 and (3.7) gives
3.7
E(aGu,aGu) < E%(u,u) < K2E(u, u).
Proof. 3.5 : By (?9),

£aG, f,aG, f) = (.G, f) = a(f — aG,f.aG f + [),,
=—a|f —aG,f|3, + a(f —aG,f. f),. SEXS. f).

3.8 Similar.

3.6 By (??) and (&»),

£5(f,0)] =[£G, f,0)| 2 kV/E, (@G, HIVE, ).
Since,
£,(G, f,aG,f) = £@G,f,aG,[) +7 |aG. /|
35 2
<8“(f,f)+y< i ) 171,

a—=Y
< &S, 1)
the claim follows. For the second inequality, we used

leGusll2 < = 171

see step four in the proof of Theorem ??.
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3.7 Use f = v =uin (3.6):

|€%(u, u)|* < k2 (8“(u, u)+ A ”””2L2) &, (u,u).
This is an inequality of the form
X* < (x+a2b, a:=ilull},, 2b =« & (u,u).
This is equivalent to
(x — b < 2ab + b* => x < b+ V/2ab + b < 2b + \/2ab.

Plugging in a, b, x yields (3.7).

We use Lemma 3.5 to show that & 22 eonFxT

3.5 Theorem (Resolvent to Form). Let u,v € L*(m) and (&, F) be a closed form (i.e.
bilinear, (€,) — (E3) hold true). Then

(i) u€eF < limsup,_,  E*(u,u) < co < limsup,_,  |E*(u, u)| < co.
(i) u,v € F = lim,_,  E%(u,v) = E(u, v).

(i) ue F,a>y = EaGu—u,aGu—u) 25 0,0 aGu =25 uin (F, E).
Note that a G u 225 wis clear by the strong continuity of (G,) -

Proof. (i) By (??), we getforallu € F

E*(u,u) i Eu(aGu,u) — a{aG u,u),,

=a(u,u);» —a{aGuu,u),,

csl

2
> allull}, —a||aGul . Nl
>

a
a||u —-a u
lull 2 = &= full

ay 2
= - u .
o i

Hence

liminf E%(u,u) > —y ||u||2L2 > —00.

a—>00

This gives the second «<=» in (i). Now let u € F. By (3.7),

(37) o
E%u,u) < K2E,(u,u)\/y p lull2 VE,(u,u) < oo
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uniformly for all @ > y. It remains to prove <. Assume that lim sup, £*(u, u) <
o0. For f > y, we have by (3.5)

Sﬂ((XGaU, (XGaU) = S(GGGU) + ﬂ ”a(;au”L2

( a

3.5)
< W+ p

2
u .
paaed LU

Thus,
lim sup E4(aG,u) < limsup E%(u) + f ||u||2L2 )

a—00 a—0o0

Consequently, (aG,u),, is bounded in the Hilbert space (&, £). Therefore, there

exists a subsequence which converges weakly’:

a>y
£
a,G,u—vedF
By strong continuity, «,G, u — u in L>. Hence u = v € ¥.
(if) Using (iii), we obtain

£, 0) C E4(aGu, v) — f(aG i, V) 2 —— > E5(u, ) — P {u, ) = E(u, v).

(iii) Aim oG u 225 uin (F, €}). As in Theorem ??), we set

L:=(r+e)-GJl, DL :=G

yt+e?

L.

y+£(

Assume, for a moment, that D(L) C F is dense under &3

(a) For u € D(L) there exists f € L*(m) such that u = G_f. By (??) and the
strong continuity of (G,),s

Es(aG, Guf — Gyf) = Ep(GyaG,f — [),aGu —u)

=u =u

a—00

=(aG,f - f,aGu—u),, —— 0.

(b) Now let u € F arbitrary and u € D(L). Then
(35)
Ep(aGu—aG,w) < E*U—w,u—w)+p ||aGa(u — w)||2L2

a
K2E,(u— w) + KW a——y |lu — wlli2 VE,(u—w)

SC&(u—w,u—w)

2
a
SEu—-—wu-w+p <—> llu— w7,

3B7)

37
<

n—oo

SWeak convergence in (7, 8;) means Vw € F : Ei(anGa”u —-v,w) —— 0
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for some g’ > f and C > 0. Consequently, if u is close to w, then aG u is
close to aG,w. This implies that (!) holds on F, not only on D(L).

(©) Gﬂ(Lz) is €3-dense in F for all g > y is Lemma 3.6.

3.6 Lemma. D(L) = Gﬂ(Lz) is dense in F under €S, p > y.

Proof. Let u € F. As in the proof of Theorem 3.5 (i), we find that (€4(aG, 1)),y is
bounded. This means that (aG_ u),cy is bounded in (F, £ 3)- Since this is a Hilbert
space, there exists a subsequence (u;),cy Of (@G 1), en such thatu, — u, ie.

k—o00
8;(uk —u,w)—— 0 YweF
We need strong €j-limit. Use a Banach-Saks argument:

(i) m; := 1. Find m, > m, such that

(i) m; < .. < m, are chosen. Pick m;_, > m, with

‘c’fi(”mkﬂ — U, U, — u) < foralll =1, .., k.

L
k’
Ok, b/o weak convergence.

Then

u, +..+u, k u—u,
o5 (5 15)
i=1

kzZS;(u—u )+2ZS mj)

i<j<k

uniformly bdd
k - 1
<Cryly

i.e. the Céasaro means converge strongly. |

T
(TDizo via (&, F)

(aGa)a>y

Aim  characterize sub-Markovianity {



34 - Semigroups and Forms

3.7 Definition. Let (&,F), F C L*(X,m) a bilinear form. A lower bounded semi-
Dirichlet form (SDF)) is a closed form (cf. ??), i.e.

dy>20:&w=Ew+y(uuy,.>0 (E1) |sf::eqel
dk >0 : |Ew,v)| < kVE,(W)VE, (V) (E2) |sf::eqe2
(F, E5(-, -))a>y Hilbert spaces, (E3) |sf::eqe3
satisfying in addtion,
Vue FVYb>20:.:unbeFand EwAb,u) > EWADb,unb), (E4) |sf::eqed

SDF, (i.e. y = 0) are the positive semi-DF. Any SDF,, so that

YueFVb>20:unbeFand Ew,unb) > EuAb,uAb) (&4) [sf:ieqed

.

is called non-symmetric Dirichlet form. If E(u, v) = E(v, u) itis a (symmetric) Dirichlet
form.

Here SDF, is main object.
3.8 Remark. (a) In (&), (&) the claim u A b € F is essentiall Means: F has lattice

structure, i.e. u € F = u*,u”, |u|,(=n) Vu A n € F. Note, this implication is ok
for Lipschitz-functions, but not for C>, C'.°

(b) Role of symmetry in (€4). If € is symmetric, then (€4) < &) =S YuesF:
lu| € F and E(|u]) < E(u).

3.9 Proposition. Let (€, F) be a closed form, resolvent (G,),,. TFAE:

a>y*

YueFVb>20:unbeFand EuAb,u) > Eu A Db) (84)@
VueF :utaleFand Ewr Alu) > Eut Al (82)@
Vue s : u+/\1EfJ-'andS(u+u+/\1,u—u+/\1)2—g/||u—u+/\1||2L2 (EF) [st::eqes
VieL’ 0< f<1mae :0<aG,f<1mae (a>7y) (RM)

SExercise: D = RY, E,v) = ID Vu Vudx, cf. 22. Prove: F = W/ (D), thenu € F = |u| € F and
E(Ju]) < E(u). Idea for the implication is, to find % |u| (weak) and then for ¢ Lipschitz: %qo ou="17.
Look at Gilbarg + Trudinger: Elliptic PDEs of 2nd orcfer, p. 150-155, §7.4 l
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(&4) (E4)
Proof. (€4) = (&)) Take ueEF = ut = —[(mu)A0l€eF=u"Al=WwA" =
—{[-(u A 1)] AO} € F or obviously by 1st line. Then
EWrAL=Eu"ALLu—uAD)+EU"ALunl)

=ut—utAl
=W ALLu—uAD)+ EE{[-uUADIAO},—[unl)]
20 by (&4)

(824) O+EC[-uwADIAO, —[-uAD]AO)
=EW " ALut Al
(E}) = (E]) We have

Eu+utALu—utAD=ECu—-utALLu—utAD+ 28w ALLu—ut Al
>0, (€])

(€D
>~y Ju-ut A1l
(&)) = (RM) Take f € L*(m),0< f < 1 m-ae. Setu=aG, f €F (a > 7).

Aim u=ut Al

ED=>y|u—u"Al|}, 2 -Eu+utAlLu—u" A1)

(81):‘»}/”u—u+/\1”i2 >—-Eu—-u"AlLu—utAl)
So add both with factor J

3/||u—u+/\1||i2 > & (wu—utAl)+
u=aG,4f

Ea(Go )=/ 2

=a||u—u+/\l||2Lz+a(u+/\l—f,u—u+/\1)L2

I =0, see x below I

=>(a—y)||u—u+/\1||2Lz<O

a{u—fou—utAl),

= |I-|I>=0
a.e.
—u=u"Al
= (RM) foru > 1
To see *:
u—1, u>1
u—utAl1=10, else

u, uz0
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Now

WAL= fou—ut Al) o, = (u+/\l—f) (u—u+/\1)dm

up .
— + + 1 d
= (u" Al —f)(u—l)dm+L<O(u A —f)IL_tI m

Juzl =1, 20, f<I1 >0 =-f<0 <0
>0
(RM) = (&) Takeue F, b > 0.
Know aG,(u A b) < b bjo (RM)
eL?
- aG,uAb)—wuAb)<b—(uAb)
-(unb—u)
- WAb—aG,uAb)uAb—u) < UAb—u)uAnb->)
I.Hdm
- a{uAb—aG(uAb),u),, > a{unb—aG,uAb),unb),,
Def of £
h=> E*uANAbyu) = EuANb,unb).
Thm 35
If()uAb e F, then lim,_,E* = € and (E4) follows. But this follows with 3.5 (a).
We need
limsup E*(u A b,u A b) < . ™)
So

above

E*(uNnb,unb) < E*(uAb,u)

L3.4,

(8) 2
< K\/S‘j(u Ab,uA b)\/ﬁy(u, u), A=y <a * > .
a—y

If x> = £%(u A b,u A b). This is an inequality of the type
x? <K |x|+ cﬁ = |x| is bounded

The idea: complete the square = |x| < —+— = () is true.

Pass on to semigroups. Next is a corollary to Hille-Yosida.

sf-310| 3.10 Corollary. (T}), is (Cy)-contraction semigroup on B = L*(m).letU, =G, a >0,
t/t 0 g p a a
be its resolvent. TFAE:

feEL(m),0<f<1=0<T, <1 V>0 (SM) [sf::eqsM
fEL*m), 0K f<1=0<alU,f<1 VYa>0 (RM) [sf::eqRM
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Proof. (SM) => (RM)

aU, f(x) = ro ae™ T f(x)dt €

0 €[0.1]

O,J ae‘“’dt] = [0, 1]
0

(RM) = (SM) In the proof of Hille-Yosida we had

Yu € D(A), : T,(a)u =e Z (a?)

n=0

(aU,)"u
n! |

So for u € D(A), pf. of Hille-Yosida, we get

Tu(x) = (}1_{%10 T,(a)u(x) e[0,1] in L?ae. sub-sequence.,

n—oo

so (SM) ok on D(A). Let f € L? 0 < f < 1. Fix A > 0, then by (RM) AU, f(x) €
[0,1] and AU, f € D(A).

= 0<TAU,f <1
—= 0< AU, T,f <land AU, - id

A—00

—0<Tf<L m

3.11 Remark. 3.10 remains valid for the semigroup e'’T,, (T}), contraction semigroup,
and the resolvent (U,),. ;- Hence, we can apply 3.10 in 3.9.

T : L*(m) — L*(m), T positive (positivity preserving), if f > 0ae.= Tf >0 ae.

Consequences
e [LSg=Tf<<Tg(take0< g— f DT linear @ T positive)
cxf S| fI=Tf=TENHST|fI=ITfI<TI|f]

: L?> - L?is continuous. As T is linear:

ﬂ

T cts < T bounded < Ac Vf : [T fll;2 <cllfll;2

312 Lemma. T : L*(m) — L*(m) positive (linear) operator, i.e.
VEeL>f>0:Tf>0 (1) [sf::eqtt]
then T is continuous, i.e. there exists ¢ > 0 such that for all f € L*(m):

NT Il <cllfllp2 (12)
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Proof. 1° linear + (11) = monotone.

monotone

2° Adinequality +f < |f| = *Tf<T|f|=ITfI<TIf|
3° Continuity. Assume (12) fails

3(f). C L2, |

andset 1=y 2, 27"|f,| € L*(m).

> 4",

o

p <L T,

monotone

—Te 5 2T|f) 52
= |IToll2 > 27"||T/,

Tf,| vn
2210 tTpel’

|
3.13 Lemma. T : L*(m) — L*(m) continuous, sub-Markov, i.e.
VFelL?, 0<f<1:0<Tf<I. (13) [sf::eql3
Then f is positive and extends to L™ (and is positive, sub-Markov and contraction on L,

uniqueness?).
Note that this answers a step in an earlier proof: aG_(u A b) < b. DIY (use monotone
property and conclude this guy is positive).
Proof. 1° f € L’ N L®°(m), f >0 = 0 < nf’ﬁ <1
0TS < ISl by (13)

2° Claim  f,eL® f, >0, f, 1 fel>*=Tf, 1 Tf
1°= Tf, <Tf,Vm< n(note: f, € L*)

mono

= |11 =11, <c|f = full =0

conv.

Tf oy =TS
increasing
= Tf,1Tf (full sequencel!)
3° feLiThen f,:=fAn€L:NLY andso, Tf =sup, Tf,>0
4 fEeLY, [n8, €LY frn8, 1

8Kind of «Daniell extension».
d«+» means f > 0 m-a.e.

'Not trivial, e.g. by our topological assumptions on X and m 3B, 1 X, Fn cpt. and m(B,)) < o0, SO
f, := f1B, is good.
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= sup, T'g, =sup, T'(g, A f,) <sup, Tf,
sym.

—= sup,T'g,=sup, Tf,=Tf

gty

By linearity Tf :=Tf*—Tf~ Vf € L™ positive, (13), L*-contraction clear. N
3.14 Corollary (to 3.9, 3.10). The conditions (€4)—(€}) and (RM) and (SM) are equivalent

to

[ extends to a contraction semigroup on m) and T, positive. sf::eql
T)),5, extends t tract group on L’ d T, posit 14 q14

Proof. (SM) => (??). (T)) is also L™-extension form 3.13. Then f,g € L*:

| <71tf’g>L2| = |<f’j—;g>Lz| < ”Zf”Loo ||g||L1

= | Tl = supjere 2 < llgllw

= T, is an L'-contraction.
Clear T, inherits semigroup property of T} (first equality).

Positivity B, € B(X), B, 1 X, m(B,) < .Set A, := B,n{Tg<0}, g€ L, g
fixed. Then

A def A
J 7-'tgdn’l = <ILA"’ ]-;g>L2
B,n{T,;g<0}

=(T14,8),,>0

= «0» = m {Ttg < 0} = (. The converse is exactly the same type of argument. W

3.15 Remark.  (1})5, (G,),s, are sub-Markov, if (£,) holds."

Two more technical things
(@) 3.16 (€4) under closure,

(b) 3.7 stability of F under Lipschitz-maps.

sf-316| 3.16 Proposition. (&, F) is closable, lower bounded (y) bilinear form, sectorial (€,) and
enjoys (€4). Then its closure (E, F) has (E4), ie. it is a SDF,.
— — _ ntoo
Proof. ue ¥, (u,)CcFCFand €,(u —u,,u —u,) — 0 (4 > y fixed). Then clearly

Ei= & +(A—p) (),
S0

WV

"reason: all in 2" argument of &(x, -)
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L*(m) L*(m)
so u, ——— u and by (DOM) u, A b ——— u A b. Moreover,

— (€4 —
Eu,ANbu,Ab) < Eu,Ab,u,)

(€2) —
< kVEi(u, A b,u, Ab)\ Ex(u,,u,).

As in the last step of the proof of Theorem 3.9, we get

supg(un Ab,u, ANb) < ¢, < oo.

Since &, is a scalar product on a Hilbert space ¥, there exists (i,,), C (u,), :

F —
Uy Nb—uAbanduAbeF”
w

— uAb e F. Now use «resonance theorem for Hilbert spaces (weak convergence
— Fatou)

€1 A b,u A b) < liminf &;(u,q, A b)

, L2(m)
Since u,, Ab ——— u A b we get

Eu A b,uAb) < liminf E(u,g, A b)

N IN

lim inf E(un(k) Ab,u,gy —u+u)
= liminf &, A b, Uy, — 1) + EW A b,u)
I — |

w-conv.

Aim Show 1st term on the rhS = 0.

— (€2) — —

bdd, see above kfoo
—>0 bjo closure

3.17 Definition. A normal contractionisamap T : R" — R (n € N) (not necessarily
linear) such that

T0)=0, |T(x)- T()’)lz < Z |x,~ - yi|2 (15) |sf::eqlb
i=1

Then ist is clear that for the Euclidean norm in R?

I T(x)| < |x].

— koo — — —
“Weak convergence means E Uy A b, w) 2, E,(v,w), Yw € F, v € F the weak limit. Problem
here: Why v =u A b?
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3.18 Theorem. Let (€, F) be a SDF, and let T be a normal contraction (n as in the defi-
nition). Then

@ u,uy,...u, €F = T(u,u,,..,u,) €F

i=1

(b) ETou,Tou)<> " Eu;,u,)

lives on the diag. in F2

Remark In the symmetric DF case, (a) + (b) <= (&4), (€4).

Proof. B/o Theorem 3.5 it is enough to show
ETou)< Y E%u,). (%)
i=1
where u, € F, T ou =T (uy,...,u,).” (%) follows from
(1=aGIT o £, T o f) 2 < ; (1 =aG)T > £, T o f;) 120m » (x")

forany f = (f,.... f,) € L? X ... x L*(m). Can even go to a dense subset of L% e.g.
step functions. WLOG

N
fi= 2 Ly s
k=1

i=1,..,n A, € B(X) disjoint (same for all i), m;, = m(A,) < oo (0k as f; € L2), N
independent of i and «;, € R.

N
Note T(f)= T(ayy, s ... ) 14, is again a step function. By definition

k=1 =7

ap = <aGa1Ak’ 1A,>L2(m) =day

A

provided that G, = G, = symmetric. May assume € = E&° for proving (a) + (b)
—> G, = G, by construction in Theorem ??.

N
(1= aG )T T oy = ) wti (L= a6, 1, ),
= | = myby—ay |
N N
= ZZ a, (Tk—T,)2+Z (mk—Zak,> 7}
0<k<I<N 30 bjo sub-m. k=1 1=1 |
20 bjo

BEnough, since w € F < liminf,_, , £*(w) < oo and E*(w) ol E(w)Vw € F.Recall E%(w) :=
a{(l1 —aGyHw, w)Lz(m)



42 - Semigroups and Forms

(®):
Zak, = Z[ aG,1, 1,dm
T Jx

= J aG,1, 1), dm
b'§

sym.

3

]].AkaGa:ﬂ.U Aldm
X
sub-M.

< J 1, 1dm = m,.
X

Since the coeffiences are positive, we can use Lipschitz character of T (encoded in the
7,’'s). So above gets

n

< Z Zakl Z (aik - “i1)2 + g <mk - ; akl) g a}zk

k<I i=1

= Z (Z Zak,(aik —a,) + Z (mk - Z ak,> al.zk) .
i=1 k! k 1
With the same argument as with E*(T o f) one gets

D> (1 =aG)fi i)
i=1

This finishes the prove. [

Question (&%, F = L*(m)) is this a SDF,? (£)),(E3),(E4) v, but (&) ?, Problem
e (f,v) for f € L?, veF and &%, aG,g) (Lemma 3.4)



Chapter 4

REGULAR (SYMMETRIC) SDF,

Aim  Integral formulae for DF,
Problem non-symmetric case

Setting

« (X,d) local compact, separable

« C.(X) = {u X - Rcts, sptu= {u# 0} cpt.} does X have many compact
sets? YES! y v 4
3K, cpt, K, 1 X, Idea X = {x; : n €N} , then B, (x,) = {x : d(x,x;) <r}is
WLOG cpt (r; < 1), K = Ugpiee B, (X))

« Urysohn’'slemma K Cc U C U C X (Idea cover K by finitely many m)

d(x,U°
d(x,K)+d(x,Uc)’

3(PK,U(-)C) —

oxv €C, §0K,U|K =1 pxy
3 hope that F is «rich» (~ life as in R" etc.)

UC=O

4.1 Definition. A SDF, (€, ) is regular,
(@) C.(X)NTFis E,-dense (sym!) in F (a > y)
(b) C.(X)NnFis |[|-|| ,-dense in C.(X)
Note that ||u||, = sup |u| vs ||u||;~ «m-esssup».

4.2 Example (F is rich). u € Fn C.(X), K = sptu, U D K, U compact. Then v €
FnC.(X), 0|, =1
Indeed Find open, relatively compact V' D [ 27, € C.(X). Pick =
C.NnF:|o-0|| <e<l=v:=0A1€FnC, does the job.
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Recall Riesz Representation Theorem in C,. I : C,(X) — R positive linear func-
tional (¢ > 0 = I ¢ > 0). Then 3! Radon measure y such that

I(p) = IQOdM-

Radon u(K) < oo VK C X compact.

u(B)= sup u(K) € [0, o0] inner regular
KCB, cpt.

= inf wuU) outer regular
UDB, open

43Llemma. T : C.(X) — L?*(m) sub-Markovian and consider B(f,g) := (Tg, Iy
(g, f € C.(X)). Then 3! 7 on (X X X, B(X X X)) such that

(Tg, )2 = J' J f(x)g(y)z(dx, dy) (41) |rsdf::eq
T((NXX)=0=7(XXN)ifm(N)=0 (4.2) |rsdf::eq
(X X B) < m(B) VB € B(X) (4.3) |rsdf::eq

Note that (4.2) does not imply m@m-null = z-null. Attention (4.3) 7(X Xdy) < m(dy)

+ cond.
Proof. Naive argument 7 sub-Markovian = T positive = g — T g(x) positive
Riesz

linear form g € C,(X) for m-aa. x = 3! Radon u, (dy) :
Tg(x) = [ g(y)u,(dy)

— 7(dx,dy) = u (dy) m(dx) regular conditional probability!
Proper proof f ® g(x,y) := f(x)g(y) «Tensor product»
I(p)=1(f ® g) =(Tg, f) extends to linear map C.(X X X).

If I(g) is positive, we can use Riesz for C.(X X X). Clearly'
®» = Zf; g ~ I(p) = Z(Tgi’fi>L2
i=1

i=1

Fix e > 0.

« f € C.(X)3 step functions f* = Zfil fOe)1g with [If = f€]l, < g’

'Fill gap: well-defined.
*Use f is uniformly continuous and use E, = small box in X, E, disjoint.
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e fir f, € C(X)3 step functions f; such that all have the same underlying
partition, of course:

EIUEZU...UEN=Uspth..

i=1

. For f, 8 € C.(X)
§0=Zfi®gi
1

=) g
1

« Assume @ > 0, then show I (@) = Z (Tg;, f) >0
T

(a) We get

1) = 1) <Y |Tsg. fi= f),.]
1

sub-M

n 10
S € Z <T |g,~| ’ ]]'K>L2(m) -~ 0,
1

where K = J!spt f; compact.
(b)

I1(¢p%) = Z <Tgi’ ff)Lz(m)
1

I
M=
M= TM=

<Tgi’ fi(xk,i)]lEk>

L2(m)

s |l

(Te(xii ) 1g,) 1oy = O-
i=1

x~
Il

1

« I is positive on span C,®C, which is dense in C,(X X X). So I extends by density
to a positive linear functional on C, (X X X). Riesz gives: 37(dx, dy) unique and
Radon

1(op) =[ @(x, y)r(dx, ddy).

XxX

« So far used only C.(X) © g 2 0 = Tg > 0. Now use Markov: 0 < g <
lgll, = 0<Tg < |gll, We know

(Tg, f) = J g(x) f(y)z(dx, dy).
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ldea Makegt1’?

but (1, f),» = [, f(»)m(dy) Vf € C(X). And it follows

Indeed

Urys.
=
—

reg.,.KCB
——1

sub-M
- <]]-’ f>L2 > sup <Tg’ f)L2
C:,'Bgzl
= sup Jg ® fdr
Cfag;l

BL

= J S()r(X xdy),
X
(X X B) < m(B) VB € B(X).

[ Jf(y)m(dy) > J F()r(X,dy)

[ 1x(y)m(dy) > J 1x(»)r(X,dy)
m(K) 2 (X X K)

m(B) =2 7(X X B)

« N € B(X), m(N)=0.Then

as above g 1 1, = 7(X X N) = 0. Assume T exists,* then

which is the same 7 since

so both have same 7. As above f 1 1 = (N X X) = 0.

(Tv,u) = (v, fu) , Vu,v e C.(X),

50k by K, T X and K, € K,,,; C K, + Urysohn.
42 Remedies: Assume 7" exists and T is continuous on L> N C, — L.

i J J 1,(x) £ (Mr(dx, dy)

Vf € CHX)

VK cpt.
VK cpt.

V B Borel

0= <Tg’ ]]'N>L2(m) = J J g(x)]lN(y)T(dx,dy)

0= (10T = | [ 1n0s 10 ),



4.4 Corollary. (&, ) regular SDF,, (G,),., resolvent and

£4g, ) = a((1 = aG,)g, f) 2 for g f € LA(m).
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Then 3! ¢ ,(dx, dy) such that 6, (N X X) =0 = 0,(X X N) (m(N) = 0) and such that

o, (X xdy) < m(dy), s,(y) = “(mx(gj)” < 1 (Radon-Nikodym density) and

&g fl=a [ (&) —gx) f(y)o,(dx,dy) +

o J F()g(x) (1= 5,(x)) m(dx),

forall f,g € C.(X).
Proof. Use 4.2 for T = aG, (note T exists) and 7 = o,. This gives:

(@G 8, [} 12m = J J (X f ()0, (dx, dy),

—g(y) + g(y)+ calculations.

4.5 Remark. If E(u,v) = E(v,u) = symmetric, then T = aG, = af}a =7 and

o,(dx,dy) = v(dx,dy) = 7(dy,dx) = o,(dy, dx)

We swap in (4.4) x < y, then use symmetry of ¢,.” Gives:

%sa(g, ) = % || Acutax.
Leate, £y = L[ B (dx. dy)
U8 S = g || PO EY
o
£42. /) = 5 || (A+ B, (dx, dy)

use this to get
&4, f) = %a[ (g(x) —g(¥) (f(x) = f(¥) o,(dx,dy) +
aJ F(X)g(x) (1 = 5,(x)) m(dx),

Rest of the chapter y >0, E(u,v) = E(v,u) = symmetric!

8“(g,f)=01J(g( )—8() f(¥)o,(d

(40

(9
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4.6 Theorem (Beurling-Deny, ~1960). Let (&,F) be regular, (symmetric) SDF,
u,v € FNC.(X). Then

E(u,v) = E°(u,v) + ” (u(x) — u(y)) (v(x) — v(y)) J(dx, dy)

X xX\diag (46) @
+ J u(x)v(x)k(dx) )
X

where

o &% js regular, strongly local (= (4.7), symmetric bilinear form (SDF,?) with (&),
(€2), (€4)°

u,v € FnC,, v =1 on aneighborhood of sptu => &°°(u,v) = 0; (4.7) |rsdf::eq

« J(dx,dy) Radon on X x X \ diag;
« k(dx) Radon on X;
« J(N x X \ diag) = J(X X N \ diag) = 0.

Finally, (k, €'°¢, ) is uniquely determined by €. k is called killing measure, £!° diffusion
part, J jump measure (Lévy system).

Vague convergence

vague def

u, Radon measure (uniquel) y, ——— y = deyn — [fd,u (f € C.(X))

For more information look at the FA refresher.

Proof. 1° Uniqueness Assume y = 0. Know ¥ N C.(X) dense in C.(X), so’

{Zui@)vi fu,v, € FNC(X),sptu; Nspto, = @} =C.(X X X \ diag)
i=1
by (4.6) we get foru,v € FNC.(X), sptunsptv = @.

Ew,v) = -2 ” u(x)v(y)3(dx, dy)
X xX\diag

density of span

—>  J uniquely determined by E.
®Idea: [ VuVu = |

sptu

VuV1=0.
=0

’Note that, C is compact in X X X \ diag <= C is compact in X X X and C does not meet an
e-neighborhood of diag (¢ = (C).
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Take u,v € C.(X)NTF, v =1 in a neighborhood of sptu (see Example 4.2). By (4.6)
and strong local (€ =0),y =0

E(u,v) — ” (u(x) — u(y)) (v(x) — v(y)) I(dx,dy) = [ u(x)k(dx)
XxX\diag X

= k uniquely determined by £+ J, i.e. by &.

= also €' unique.

Construction of J(dx,dy) . Use = sup [u ® vado,| < ©
a>y
—> supac, (KX K\ {(x,y) : d(x,y) <e} <o VK C X cpt.

a>y
(ao,)a > y is vaguely bounded on X X X \ diag

cpt.ness vaguely .
— da,:a,0, —— 2], ie
n

fa-refresher

lim ﬂ 0%, 9),0, (dx, dy) = 2 ” P, 9)3x,dy) (Y9 € C.(X x X \ diag))

In particular: ¢ = u ® v and sptu N spt v = @. Hence,

E(w,v) =1lmE*(u,v) = =2 “ u® vdg.

Construction of kU, open, U, compact, U, 1 X, 6, > 0, 8, | 0. Set
L[=UxU\{(xy:dxy<5}.

WLOG J(al}) = 0°. Since u € C.(X)NF, sptu C U, we get

w?(x)(1 = 5,(x))m(dx),

1

U

E%u,v) = %a ” (u(x) — u(y))? o,(dx,dy) + a J
U,xU,

with ¢, = 42XXUiN) Then

dm
Ui

((1=s,(x)) m(-n Ui)a>y vaguely bounded.
vaguel
So,da, T o0 @ (1 — san(x))m(- NnU,) = k; (in U,). Define k by gluing together:

J pdk = J pdk, if ¢ € C,(U).
U,

i

SF,- compact, by, construction, and J is Radon, i.e. finite on compacts. Use Cavalieri. Exercise: m

measure on [0, 1], m[0,1] < oo. Then 3 at most countably many atoms in [0, 1] and 3 many set
(a,b) C [0,1] with m {a} =m {b} = 0.
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Hence,

&(u,u) = lim %an ” (u(x) — u(y))’ o, (dx,dy)

U;xU;n{d(x,y)<é;}

N ” (u(x) — u(y)) 3(dx, dy)
r

1

+ J u?(x)k(dx),
U.

1

where sptu C U,. Letting i — oo is no problem in last 2 integrals (Beppo Levi), so

lim lim 1an H (u(x) — u(y))* o, (dx, dy)
UxUn{d(x,y)<6;} !

l n

exists and defines £!°°(u, v) by polarization. i.e.
glc(y, v) = % (£1°°(u + v, u+v) — &) — 810C(U)) )

Clear (&)),(&,),(&4) as integral has (€4) and the limit preserves it.

Q+R
1° Are components of (4.6) SDF,? (€3) for £°¢?

. . a9\
2° Elc s often a differential expression, see §5: 1 ~ [ Vu Vu. Plugin % |x — y|?
in the integral. Then |Vu|? as |x — y| — 0. Stochastic interpretation: We get a dif-

fusion from a jump process.

3° (4.6) seems to hold (in this generality) only on ¥ N C.(X), not on ¥F. Different from
(4.4) and (4.5). (4.4) and (4.5) extend from C,(X) to L*(m) since ac, (X X N) =
aoc, (N X N) =0 (vague limit) if m(N) = 0.

1 | vague
Reason g(x) := owe g.(x) :=g ()1 then g (x)dx - %
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EXAMPLES

Crash course on Sobolev spaces. D C R" open.
5.1 Definition. (@) ue L, < VyeC®: y-uel’
(b) u € L] _ has a weak (distributional) derivative if 3v € L, _such that
J Ugodx=—J ud;¢ dx, (Vo € CX(D))
D D
then v = 0,u.
(c) The L*-Sobolev space W*(D) (k € N) is

WD) :={ue L, (D):u€ LD), 0"u € L*(D), |a| <k, « €N;}

Need Friedrichs mollifier
(1) j € CER"),0< ) < 1,sptj € By(0), [ j(x)dx = 1.
(2) Ja() :=h7"j(5), 0<j < 1,8ptji, C B,(0), [ ju(x)dx = 1.

B)uell

loc

(dx) =L (dx)UC :u,(x) 1= j,*u(x)=h"]j (%) u(y)dy € C*.

locally uniformly

52 Lemma. u € C(D) = u, ———— u.

hl0
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Proof. D' CC D, i.e. D' open, D’ C D compact, and assume dist(D’, dD) > h.

u<m=hﬁ[ i (=2 u)dy
" |x—y|<h ( h )

=z

= [ Jj(z) u(x — hz)dz
|zI<1

and
| u(x) — uh(X)| < J J(2) lu(x) — u(x — hz)|dz
lz|<1
< sup sup |u(x) — u(x — hz)|
xeD’ |z|<1

N}

uniform cts
Mind: D’ + B,(0) cC D. [

5.3 Remark. Ifu € C(ﬁ) and ”laD = 0 (if D unbounded: u vanishes at oo, at least in

certain directions; e.g. if D = R" u vanishes at o), then convergence is uniform on
D.

h10
5.4 Corollary. u € L} ,p < oo, thenu —u

loc

Proof. WLOG D bounded. Otherwise consider u y with y € C° and spt y + B,(0) =:
D. By Jensen’s inequality, we get

ol < | i@ utx = hal oz

|z|<1

Fix hy > h > 0, pick D’ cc D’ and assume WLOG D" cc D’ + B,,(0) cc D.

......................
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[ |un|pdx<J J j(z) lu(x — hz)|? dzdx
D’ D’ J|z|<1

ropell J j(z)dzJ lu(x — hz)|? dx
lzI<1

D’
L |

= 1 <ID/+Bh0(())|u(y)|pdy

< J |u|” dxVh < h,
D'+By, (0)

= 3w e C,(D) : |lu- w||Lp(D,+Bh0(0)) < €. Then Lemma 5.2), Leb(D) < oo :

dh < hy . ||w - wh||L1’(D’+Bh0(O) SE
Now 3e trick:
Ju — u”||LP(D’+Bh0(0)) < JJu —w| +.”u - wh”|+ | s ~ u"”. < 3e
<e <e = [[w-w,|[<Nw-ull<e

55Lemma. u € L, (D), ou exists (weakly), h < dist(x,, D). Then 9,(u,)(x,) =
(0;u) ,(x).

Proof. Let j, € C, as the weak derivative exists (and ok, it is under the integral
sign)

0,(uy) = 0,(jj, * u)
= (0,j,) *u
= Jp * (O;u)

def
= (0u), m

5.6 Theorem. u,v € L} (D). Then

1 1
loc

v=0u < 3Iu,), CC°(D) : u, —= u, du, —— v.
Proof. = Lemma 5.4 and 55, take h=1.

<= Definition of weak derivative (you «test» w.rt ¢ € C°(D). [ |

5.7 Lemma (Chain rule). Let ¢ € C,(R),u € W' (R).Then pou € W' (D), V(pou) =
@' (w)Vu.
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Proof. By 5.6 there exists (u,) C C*(D) such that

1 1
loc loc

u,——u, Vu,——Vu

for a subsequence we may assume a.e. convergence. But depends on D’ CC D

1 1
loc

xu,—— yu Vyu, SN x VuVy € C.(D).

WLOG, no change in name for the subsequence. Let U CC D, then

mean value

| o) - ow]ax < ||(p'||ooj = 1, dx 2% 0
U theorem U

J |(0'(un)Vun — §0'(U)Vu| dx
U
<

[ o'l ||Vun || dx+[ | — (p’(u)| |Vu| dx
1 v ] Ul as. IEL](”)
ntoo ——0
—0 I ]
=0 (DOM)

SoVv e CX(D) :

arts

[ Vo(u,) vdx P J @(u,) Vodx
[ @' (u,) Vu, vdx [ — J @(u,) Vodx

This goes to

J @' (u) Vu vdx = — J @(u) Vudx,

by definition we see Vo(u) = ¢'(u)Vu.

5.8 Corollary. u € W'(D) = u" € W'(D) and Vu" = 1,0, Vu. In particular,
unbe W(D)Vb e R.

Proof. Idea u™ =¢@ou, p(x)=xVO.
Smooth out:

Vid+er—¢e ,u>0
@ (u) = 0

,u<0
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is differentiable. By Lemma 5.7, for all v € C°(D)

J @, (u) Vodx = —J — Y Vuudx
w>0 \/u? + €2
e—0 [u+Vde=—[ Vu vdx.
u>0

Hence by definition Vu™ exists and Vu™ = 1., Vu (weak derivative!). Finally, uAb =
u—(u—>b)'. [ ]

Now we investigate W (D) as Hilbert spaces.

<Ll, U>Wk(D) .= Z <aau, aaU>L2(D’dx) s

O<lal<k

def . o .
0% = u, captures L>-behaviour of all derivatives, with norm

”'”Wk(])) L= \V (-, '>Wk(D)-

Subordinate partition of unity U, CC D, U U, = D. Then Jy, € C2(U,) and

Zill/i|D =1

ieN

5.9 Theorem. C=(D)n WAD) ™"® = w*D).
Attention

. C*(D) N W¥(D) in general not dense (smoothness/geometry of dD),

Excerise

« CX(D)N wWkKD) = C°(D) in general not dense (reason: all is =0 on dD).
Hence, we define
k . ooy i Hlwke) k
WD) 1= CE(D) " ¢ WHD).
In particular, I/VO"(IR") = WHkR").

Proof of 5.9. Pick V, cCV, cc V,cC ..t Dand U, :=V,, \V,_,V,=V, :=@.
(y,), is the corresponding partition of unity. Fixu € W*(D), e > 0. Now use Corollary
5.4 to get

VieN3h, >0, h, <dist(V,,;,0D) : > 0" (wuw), — 0“(1//iu)||L2(D) << (5

i

la|<k
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For all D’ cC D, (5.1) guarantees that only finitely many 0*(y,u) # 0 on D'' Then,

v=" )  0“(yu), €C (D),

finitely locally

and, by (5.1) and }_ y; = 1, triangle inequality,

D No"u=0"vllapy < 3 3 [|o"Cwy, — 0w

|a|<k ||<k ieN

Assume now D = R".

5.10 Corollary. CcE @ — k.
Proof. C*®(R") C L*(R"), Vu € C®(R") : 9"u € CX(R") C L*(R") = C®(R") C
WER™).

Know C®(R") n W*5R") is dense in W*(R").

So it is enough to prove
Ve >0Vue CRHYNWHR") 3p € CXR") : |lu— @llyp < €

Fixe > 0,u € C*(RHNWH(R"). Pick y € CP(R"),0< y < 1, x|, 0 =1 2| pe =0
1 2
and

w(x) i= u(x)y (%) € C2(R"),

So ”i|3i(0) = ”|B,.(0) and

o)
]

<

I

rur(})
> (e ()

a=f+y Y

<S¢y Y |0u] VaeN,, |a| <k
1BI<k

"By compactness: D meets only finitely many of the U,.
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Thus,?
Z [ |aa(” - ”i)|2dx <c Z [ |0%u|? dx A, 0. u
[x|>i

lal<k lal<k
L |

= ””_”inwk(p)

5.11 Example. Classical Dirichlet form SDF,, i.e. symmetric, y = 0 and D = R”,
m(dx) = dx. Then

Eu,v) = %J Vu(x) - Vo(x)dx (5.2)

Rn
1
= 5 (V. V0) 12y (53)
(5.2) and (5.3) is ok for u, v € C*®(R") and u, v € W'(R"). Moreover,
° S(U,U) > 0— (81),]/ =0

e &, v)| < \/% E() — (&) (bJo symmetry)
« E(u,v) = E(v,u) — symmetry
« F=WIR", (E,F) closed, cf. Example 2?2 or (W', €40 Hilbert
- Contraction: Corollary 5.8, u € W!'(R") = uA b€ W'(R") and
VuAb)=V (u—u—b)")=Vu—Vu-b?*
= Vu—Vul, ; =L, Vu
Hence,

8(uAb,u)=J

R7

V(u A b)Vudx = J

u<sb

=E&uAnb) — (E
WVl dx (uAb) (E4)
< Ew) «normal contraction prop.» <

« Regularity: Corollary 5.10

(@) C=(R") n W (R") dense in W!(R")
(b) CX(R") N WR") = CX(R") so dense, too.

5.12 Example. D C R” bounded domain, open (and connected), 0D is C'-curve. De-
fine’

Ew,v) = %[ Vu Vudx (Vu,v € CX(D))
D

F .= I/VOI(D) = {u e WD) : ”laD = 0} gives regularity.

2Recall: |a — b|* < 2 (a* + b?).
3Note that there is no problem at dD, as sptu CC D.
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As in ?? we get (€)) — (&€4), even regular, since (not obvious) CC°°(D)”'”W'(D> = I/VOI(D).

5.13 Scholium (On traces, [Trial). Let D be bounded, D a C'-curve. Then there exists
a good (n — 1)—dimensional surface measure on dD (Hausdorff measure).

Problem with ”|a1) 0D is (n — 1)-dimensional, smooth = Leby.(dD) =0

u e WD) c L*(D,dx), u(x) = ? Vx € D). u does not see null sets, i.e. ”|aD = no
good sense naively. Way out:

1°ue Eoo(D) = {u e C*(D) : °u € C(B), if D not bounded sptu C Bx(0)N D, R = Ru}

u|aD makes sense (pointwise defined) and

* Null r2p.axy < llullpp

o Null 20paswpy < Nully(p) (not easy*)

1 1°

2° ue W(D)3u,), c C (D)NW' (D) with u, X0 = (u,) Cauchy in L*(dD)
and hence

:= lim u, in L*(0D)

n—oo

”laD

the so called Trace. The Trace depends on the smoothness of dD and the weak
order of differentiability.

3° Take @ € C' (D) = {(p e C'(D),o°p € C(D), |a| = 0, 1 } andu € W'(D), C*(D)n

(D)
wl(D)> u; — u as in 2°. Then’

I iuj - pdx Gaut J u; @ cos(vx;)dS(x) — [ Uji(pdx
D axj oD D axj

Jj T oo J aiu @dx = LD u|aD @ cos(vx,;)dS(x) — [ uai(pdx

X; p 0X;

So in VVOI(D) we have u|aD = 0 and integration by parts simplifies.
5.14 Definition. Let D be a bounded C'-domain. Then
Wy (D) :={ue WD) :u|, =0}.

Useful facts

“Note that, we get even W¥%(D) for a > % so D controls the boundary
>vx; a bite sloppy for die angle of outer normal v at x with e;, dS measure on dD.
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M I/VOI(D) closed subspace of W!(D). Hence, Hilbert with same norm as W'(D)

() C=(D)"™'® = w(D)

(3)

W)(D) ¢ W!(D)and W' (D) containsu =1, V1 =0,1| ~ =0.

1

- 1
u|aD_0:1¢w0 (D)

515 Remark. E(u,v) = 1 [, Vu Vodx.

D

F

comment

R}’l

WHR") = Wi (R")

open, bdd, C'-0D | W (D)
open, bdd, C'-oD | W(D)

Aim

Recall

(&1) — (E4) regular
(€1) — (€4) regular, leads to Dirichlet problem
(&€1) — (&4) not regular, leads to Neumann problem

Identify generator A, semigroup T,° for €

from 3.5

JLEF

&(u,v) = a (1 — aG ), 0) 2q) —— €U, V)

gives relation G,, A and E.

Recall

a(l—aGa)=a<1— a >=aa_A_a=—aG ong(A)—aGaA—a
a—A by

Hence,

we can find —A by «integration by parts».

from Hille-Yosida (2.7, 2.10)

Too

a—A

Eu, ) = (AU, V) 12, {

5.16 Example.

— —A on D(A)
2.

7

a

uveF
u € DA), ve L (m)

E(u,v) = %[ Vu Vo, F = W, (D)

D

D bounded, C'-0D (or D = R"). By Gau8’ theorem:

E(w,v) = —%J Au vdx,

Sonly if D = R", see later.

D
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where u € I/VOZ(D), i.e.

and v € I/VOI(D)

Show (—%A, I/VOZ(D)) is a closed operator, so it is generator of (G,),., and of E.
Now find the semigroup. Consider the following initial value on D = R"

o,w(x,t) = %Axw(x, 1) xeR"t>0

w(x,0) = f(x) f € L*(D)
So we can use Fourier methods:

0,(&,1) = ALw(&, 1)

W(E,0) = f(&) = <2n>—"’2j Fx)e-idx

R7

This is an ODE in ¢, hence,

8,12)(«’:, ZL) _ _1 2
— BEn - 2|5|
— W(E, 1) = f(&e s K
'%‘”‘ w(x,t) = 2rt)™"? J f(e sy

= f*p(x), p(x) = Qar)y e 5T
=T, f(x) — semigroup.

But p,(y) = GauBl kernel = normal law = density of Brownian motion.



« Trap, x, absorbing = Killing = Dirichlet problem

« Reflect = Neumann problem

« Wait an go on = Sticky Brownian motion

1:1
Mind BM has cts paths, so it «sees» the boundary dD. And this is < generator is a
local operator
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EXAMPLES: JUMP-TYPE (NON-LOCAL) SDEF,,

Need the Fourier transform

f© = (2n>-"J f(x)e"dx

Rn
g(x) = [ g(&)e’ *dé
R}'I
So we have Plancherel'

11 age = @O | ey fEL & feL’

and
WER") = HYR") S {u € LAdx) : [|*a € LA(d®))
={ue L) @dx) : (1+[)"ae L*dd)}
(A WY 4. |
=1+|-|*

Indeed:

def

ue WHR" < u e L*(dx), ou® € L*(dx), |a| < k
Plancherel ~
= e L*(dé) =0%u=(i&)"a¢) € L*(dé), |a| < k

and

¢ <Z %] + 1) <(1+1e)” < ¢ (Z 7] + 1)

la|<k || <k
jt-61| 6.1 Definition. Let s > 0. Then
HY(R") = {u e L(dx) : (1+[-)a() € Lz(déj)}
is called fractional Sobolev space (order s) or Bessel-Potential space (order s).

Remark

'extend (by continuity) the Fourier transform onto L? (use L? complete.
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6.2 Remark. (a) H*(R") is Hilbert with scalar product’

(U, ) 4, :=[ (1+1&1?)" a0 de

Rr
(b) s>0,5=[s]+{s}, |s] ENy, {s} €(0,1). If s & N:

H*(R") = W*(R") = (Sobolev-)Slobodeckij space,

a a 2 12
WA R"Y) = {u e L*(dx) : u e WIIR") and Z (J J 10%u(x) = 9"u(y)| dx dy>
n Rn

=T |x _ y|n+2{s}

Mind Read the above as some kind of Haar measure:
J [ |0%u(x) — 0“u(y)| 2
v R |x — y|t)

(c) Interpolation («How to fill the gaps») W* k = 1,2,.. are «natural», define

WP := L? Then the real interpolation is’
(WEW™) =W k<m, 9€ 0,1, 1-9k+Im=s,
a integral expression using a kernel. See [Trib] or [BS].
wrwr| =H’, 9€(0.1), s=(1—-9k+Im,

the complex (Riesz-)Thorin interpolation or three-lines theorem from complex
variables.

(d) Using Plancherel again, we can give an alternative description fo the classical
Dirichlet form:

@y |

2 e

= 20| Ged) i@ ae
JR"

@y |

- |

E(u,v) Vu Vo dé w,v e H"

€% 2(€)D(E) dé
= % <—AM, U)Lz if (SaY) u,v e CCOO

6.3 Example. Let a € (0, 2).
Eu,v) = %(2@" Ln 1E1* a(g) O(¢) dS, (6.1) [jt::eqol

Exercise: Show completeness of H*. Hints: L2(dc§) complete and Fatou + Resonance theorem.
3Mind the «2» as L? scale.
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then (8, H“/z(R”)) is a symmetric SDF,, and we have
dx dh
Eu, v) = % [Rn\{o} JW w(x + h) — u(x)) (0(x + ) — v(x)) % (62)
where ¢, = a 2 ' 772 (%) /T (1-%)*

Proof. We begin with (6.1) = (6.2). Need the Lévy-Khinchine formula’

Cy

=] a-eonn e (63
y#0

Insert (6.3) into (6.1), assume u,v € C.° and use Fubini. Assume u = v (get the full

bilinear form by polarization).
dy
|y|a+n

- Lom ca[ Y [ 11— cos el |a@)P de.
2 y#0 |yl R

%(2@"% [ J (1 - cos y&) | —2_ dg

but the second integral gives

—\V
| 1 ae - (a) o
Rn
Plancherel

= (2n)—"J lu* dx — Q) ™"aY * @ (y)

conv. thm
= 2oy | i dx - oy tus i)

but #(y) = u(—y) is just a reflection. Moreover,

[ d

2°7) [yl

1 ( dX d
= —c, [ u(x) (u(x) — u(x + y)) ai

27 ) a0 Jge |l
efe

47| 4"

keep X2X—Y, y=>—y

1 " dx d
_1 J (u(x) — ux + y))? =2

47 ) o Jn |l

SDF, (&), y =0, clear by (6.1). (€;,) clear bjo symmetry, (6.2). (€3) clear as &; is
scalar product in H*?. (&) is clear by (6.2), since Lipschitz functions operator on
differences.

Regularity C* dense in H®?. This follows from:

“Exercise: Change x — y = h, compare with W*.
5The bracket is ~ |y|% if |y] < 1 and < 2, if |y| > 1 = integrable
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1° C*® C 8 = Schwartz rapidly decreasing functions dense in L?
2 ueC®=>nes, (1+[&)"ae¢) e SR".

= 8 dense in H*>.
Generator of E(u,v) Define

(—A)Pu(x) = [ |E]* a(&)e™ dé
=F (") ().
|€]% is called the symbol of the Pseudo-differential operator (—A)*?,
E(u,v) = %(2@"[ (el a(e)} 8(@) de
S Pu) = %J E1° a@e™ € de

= Q2x)" J %(-A)a/zuE dé

l
= <l(—A)"/2u, v> is its generator.
2 12
Afterwards justify all is ok foru € H*, v € H". ]

The semigroup associated with € is a convolution semigroup, a-stable, leads to sym-
metric a-stable Lévy processes.

6.4 Remark (Outlook). Consider y : R" — C. Then we have the Lévy Khinchine
formula

w(&) =ilf + %Q& &+ j [1— e + i1, (lyD] vdy), (6.4) [3t: reqo4

y#0

where I € R", Q € R™ symmetric, positive 1-definite, and v is a measure on R"\ {0}

with I (| yI2 A 1) v(dy) < oo, which characterizes all possible Lévy processes.
c, dy

Note w(é)=|[&" —1=0,Q=0, v(dy) = |;|n+a

E(u,v) = 2x)" J w(©a(g) 0(5) dg
is a SDF,, if the following «sector condition» holds:

|S(w)| < const Ry (&),
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which gives (&€;). € is symmetric < y is real. So there are Lévy processes which
does not have a Dirichlet form (Berg + Forst = 1973).

Domain F = H"Y!'= {u eL?: (1+|wy@E)D"ae L2} )






Chapter 7

EXCESSIVE FUNCTIONS

Setting  (€,F) SDF,, semigroup (7)), resolvent (G, a >y, recall the «hattet»
objects given by

Ew,v) 1= &, u) («dual form»)

7.1 Definition. @ > 0, u € L*(m) is called a-excessive [a-co-excessivel, notation
Exc(a) [Exc(a)), if

e “Tu <u m—as. Vi >0, (7.1)
[e‘“’f",u <u m-—as. Vt> O],

7.2 Theorem. Letu € F, a > y. TFAE:
(a) uis a-excessive
(b) PG, pu Sum-ae Vg >0
(c Eu,v) 2 0VveFr={weF: w0}

Dual for the «hat versions».
Proof. (a) => (b) (holds even for u € L*(m))

PG, pu = J Be P Tyudt < [ BePdt-u
0 0

(b) = (c) Use approximating form &£, of § 3 and
Sa(u, U) = l}lm eﬁ(u’ U) +a <u’ U)Lz(m)
def _.
- /}g?o B (u—pGyu ’ U>L2(m) (U ) L2 »
= jm (ﬂ (u =BGyt 0) 1o, + @ (= FGyGopit U>L2(m)>
= lim (ﬂ (u= PGy, v) o +a{u=FGu,v) o +

f— o0

a{ pGyu — pGy, PG yu, U>L2(m>>,

=ﬂGﬂ(u—ﬁGa+ﬂu)>0
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so the first and third term are positive by (b) and the second term goes to 0 b/o
pG; —id (f — 0).

(c) = (a) Pick v € L2(m).

A def [* N
G uv-— “’TGU—[e_‘”TUdS>O

(X 0 N
and so by (c),

<u _ e—atT'tu’ U>L2 — <u’ U — e—atrl"-th>L2
) ot ©
=& u,Gv—e? TU)L2>O

and so u — e T,u > 0 as v arbitrary > 0.

7.3 Remark. 1. 7.2 (@) = (b) only needs u € L*(m)
2. u € Exc(a) = u=>0
Indeed Using sub-Markov,
e Tl 2y < 7 Ml 2y

7.4 Remark (Properties of Exc(a)). Let a > y.
(@) fEL (m) = G_f € Exc(a)
(b) Fn(Exc(a) —Exc(a)) =Fn{f —g: f,g €Exc(a)} dense in (F,E})
(c)ueExc(a),usveF—=uecdF
(d) u € Exc(a) NF = G, € Exc(a) VA >y
(e) f,g € Exc(a) = f A g € Exc(a)
(f) Exc(a) C Exc(a+ p) V> 0
(@) f € Excla) = pG,pf /(B 1)

(h) Exc(a) + Exc(a) C Exc(a)
Proof. (a) Since G, f € F, we may use Proposition 7.2 or

ﬁG,H,;Gf (G =G, p)f <G, f.
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(b) FN(Exc(a) — Exc(a)) 9 G, (L*(m)nT = D(A) dense in F

(c) By Theorem 3.5, we show &?(u, u) bounded for > 0. So by CSI and ||G5|| < ﬁ

&Mu,u) = f (u=pGyu.u) .
=ﬂ<u— ,u>L2(m)+ < —Gﬂu,u>L2(m)
<p <u =BGyt V) 2yt p? <Gﬂ+au - Gyu, u>L2(m)

def
= &(u,v) + pX Goiptt — Gyu,u >L2(m)
1

==aG,Gygu
< /W VED + Pa—— il l1u o
A fl v B—yatp—7 L2(m) L2(m) »

ok forall A>y (%)2, cf. (??). So for § > y we get boundedness of the lhs." Hence,
ued.

(d)

BG,,Gu= G,; (BG,u) S Gu V>0,
 E—

positive <u
apply Proposition 7.2 = G ,u € Exc(a).

(e), (f), (g), (h) Exercise. Hint for (e): e *T,f < f, e *“T,g < gand T(f A g) <
T.f, T.g ~ e “T.(f ANg) < f,g Hint for (f) e™ < 1. Hint for (g) Resolvent
equation.

'See arguement at the end of the proof of (??) in Lemma 3.4.
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CAPACITY

Problem 3 more then N exceptional sets, so «m-a.e.», m-null sets not good enough.

Way out measure — capacity,
a.e. — quasi-everywhere q.e. = outside a set of capacity 0

Setting  (€,F) SDF,, a > 7, assume (&1) — (€3), (€4), but (&4) not always required.

Idea Need a projection

8.1 Definition. @ # I' C F, convex, closed, @ > y. An a-(co)projection of u € F is
any v € I'[0 € I'T with

Vwerl : Eu—-v,w—-0v)<0 (8.1)
VweTl : & u—-d,w—-0)<0 (8-1) [cap: :eqo1h]

Notation: v = nf(u), O = ().
Problem well-defined?

8.2 Lemma. x(u), 7y (u) exists and is unique (u € F).

Proof. Rewrite (8.1) as

YweTl : Eu,w—1v) < E(v,w—), (8.2)
=:d(w-v)

but g is a linear functional, €,-cts, since u is fixed. Hence, by Stampacchia’s theorem,
3! unique solution v of (8.2). «Hat versions» analoguously. |

We need special I's and 7(s.

cap-83| 8.3 Definition. A C X Borel set.'

Ly = {wei}‘: w|, =1 m-a.e.} (8.3)

"Exercise: £, convex, closed in F. Hint: Use a subsequence and a.e. convergence. In the classical
and symmetric case L4 = L7
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8.4 Definition. ¢ := 77 (0)[¢% := 27(0)1(0 € F)is the a-(co)equilibrium potential
of A C X, A Borel.

8.5 Lemma (Properties of e,). A C X Borel.

(@ Eq(efy) < Eq(efy, w) Vw € Ly, Dual for A-version
(b) Eq(ef)) < Kﬁ&a(w) Yw € L4, Dual for A-version

(9 0< e <1and ej|A = 1 m-ae, but & > 0 and &,

(E4)).

(d) u€ F,u|, =1m-ae, then

, < 1(b/o do not have (&), only

Sa(ei’ M) = Sa(ei)
Ea(&%,u) = €4(85%,€%)
(e) Eq(e’y) =0 = m(A). Dual for A-version
(f) % € Exc(a), &% € Exc(a)

(99 A C B, e’ < ef, Dual for A-version

Proof. (a) v = 7((0), u =0, = Ly, then (8.1) gives

E0—-ef,w—e%) <0 VYwe Ly
(b)

(@)
Eae) < Eulefw)

we Ly

sector
< K/ EaleDVE(W)

?
(c) Show ef=(f)"AleLyas(e) " Al=1onA
e — |
€5 bjo (€])

0< & (€D AT1—eY)
= Ea((€)T AL (DT AL =€) —Enlef, (€)™ Al —e)
L ]
<0 bjo (€}) €L,

>0 by (a)

<0

So (e%)" A 1 = ¢ as functions of F, hence m-a.e.
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(d) UEH’,UAZO:‘»U+eZ|A>1.

@)

— 8o:(e(jf;) < Sa(e(jp e(z +v)
| I
2wel ,
— 0< &ulefv) YoeEF,v|, 20
= 0=_E. (e, v) YvedT, U|A =0, same for &,.

Ifu e Fand u|A =1,thenv :=¢} —ue€Fand U|A = 0 = gives formulae.’
(e) Trivial as € (@ > y) as a scalar product (+ (c)).
HveFoz0=v+el, >1

(@)

== Eq(ef), v+ €)= Eu(ef, e))
— Eq(ef,0) 20

7.2 (c) )

- e‘j‘ excessive

7
Same for & co-excessive = &, > 0 = proves 2nd line of (c).

7
(g) A C B. We show e A e}, = €. Know, e, e} € Exc(a) = ¢ A e € Exc(a).

Hence
?c
Eqlef Nef, e —ef Nep) = 0 ()
But (a)
= Eqlef, e Nep) — Eqlefy, ) 20
= Ea(—=e, e —e\ nep) >0 ()

Now add () and (s3)

Eq(ef Nef —ef, el —e Nep) >0
== 0 < Eu(efy — e Nef, e —ef Nep) <0
- e’y = e’ Nep
[ |
Remark 8.5 (b) yields (e, €% € L)
Ea(€%) < K2E,(8%) < KTEEL(e%) )

a

= 1, then same trick work with v = éA

ZAttention: of we know that é‘z — u and more results,

_ A
L5,
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8.6 Definition. U C X open. Then the a-capacity

ELet,e%) L @
cap,(U) = {+ ey ey) LU a @ (8.4) |cap::eqO
(0 0] U=
(#) follows’
cap,(U) < €,(&) < Eulef)) (8.5) |cap::eq0

8.7 Lemma (Properties of cap,). U,,U,V C X open, a > y.
(@ U CV = cap,(U) < cap,(V) (monotone)
(b) cap, (U UV)+cap,(UnNV) < cap,(U) + cap, (V) (strong sub-additive)
© U,1U=,,U, = cap, (U, 1 cap,(U) (continuity from below)
Proof. (a)
cap,(U) = Eq(e%, &%

a s
< Ea(eU, eV

<
< Euley, ) =cap, (V)

(b) Claim &, <é/+¢é). Indeed: W :=U UV < &), =é), A(é + ¢&)).

1° &, ( &8 A +8%),8% —&%, A5 +é4) 20
| I— 1 |1 |

Exg(a),&Sg Exg(a),&Sg, h 20, F
L ]

Exg(a),7‘4 e

2° £,(6%,) — E4(8%,,8%, A (8] +6%)) < 0by 85 (a).
Now substract 1° - 2°

= 0< &, A +65)—65%)<0

. A0 A A A
- claim ¢y, = ey S ey teéy

< means comparable with absolute constants w.r.t U.
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Now

def
cap, (U U V) +cap,(UNV) = Euel ) + Ealel s &%
L 1

A0
Exc(a) seUCapV

a AX a A
< Ealeyyys epuy) T Ealeny, €y
a a A A
< Ealuyny + ey €y + 86y
1

>lonU,V

85 (d) ‘A i
= &.(e, é)) + Eulel,, é7) = cap,(U) + cap, (V)

(c) Always ok  sup, cap,(U,) < cap,(U). WLOG assume sup, cap,(U,) < .
oo > sup cap,(U,) = sup E,(ef; , €, )

= sup E,(€}) )

Then (see FA refresher) 3¢ € ¥ 3n(k) . &, ~— éevenéy Témae.andée Ly.
Then*, for any w € £,

A\ . A
E(w, ) = l}ggo E(w, ey )

8.5

> liminf €,(&
wery k ko
resonance

=z &,4(8)

4Exercise
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Hence, é = é,, by uniqueness of é,. Moreover
_ A . o A
cap,(U) = E,(ey, éy) = 11]£n Eqley, €0,

85(d) .
= lim&,(e? &
3 a( Un(k)’ Un(k))

= lim cap, (U,))-

Since cap, is monotone = subsequence does not matter.

Exercises

Mu, =~ u= Eu,w) - E(u,w) Yw € F. Hint: linear, sector condition, use
Riesz.

(2) 8.7 ok for all Borel sets.
(3) 87(c)okforany A, T A A, T A.
(4) As for measures we have 8.7 b) + 8.7 ¢c) = cap,(lJ, .\ U,) < X_,en cap,(U,).

(5) 8.7 holds for Borel sets (not only for open sets).

Now Standard procedure (Choquet, ~50-60) to extend cap, |, O the open sets

\begin{definition}\label{cap-88}
$A \subset X$. Then\footnote{Not abuse in general notation. This $\cpy$ differes fro
\begin{align*}
\cpy_\alpha(A) := \inf \cbr{ \cpy_\alpha(U) : U \supset A, \ U \text{ open.} }
\end{align*}
\end{definition}

\begin{theorem}\label{cap-89}
$\cpy_\alpha(A)$ is an {\bfseries (outer) Choquet capacity}, i.e.\footnote{Note (c)
\begin{enumerate}[(a)]
\item $A \subset B \Longrightarrow \cpy_\alpha(A) \leq \cpy_\alpha(B)$
\item $A_n \uparrow A \Longrightarrow \cpy_\alpha(A n) \uparrow \cpy_\alpha(A)$
\item $K_n \downarrow K$ cpt sets $\Longrightarrow \cpy_\alpha(K_n) \downarrow \c
\end{enumerate}

\end{theorem}
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\begin{proof}
\begin{enumerate}[(a)]
\item $U, V$ open and $V \supset B \supset A$, so
\begin{align*}
\inf \cbr{ \cpy_\alpha(U) : U \supset A } \leq \inf \cbr{ \cpy_\alpha(V) : V \sups
\end{align*}
since there exists more $A$ covers.

\item $A n \uparrow A$. By definition $U_n \supset A _n$ open and

\begin{align*}

\cpy_\alpha(A_n) \leq \cpy_\alpha(U_n) \leq \cpy_\alpha(A_n) + \frac \epsilon{2
\end{align*}
If $U_n \uparrow$, we are done, since
\begin{alignx*}

\cpy_\alpha(A) \leq \cpy_\alpha(U) \os{\ref{cap-86}} \lim n \cpy_\alpha(U_ n) =
\end{align*}

But $U_n \longrightarrow U_1 \cup \dots \cup U_n \uparrow$, $U_1 \cup \dots \cup U_n

\begin{align*}

\cpy_\alpha(U_1 \cup \dots \cup U_n) \leq \cpy_\alpha(\underbracket[.5pt]{A_1 \
\end{align*}

Now $n \curvearrowright n+1$.
\begin{align*}
\cpy_\alpha(\underbracket [.5pt]{U_1 \cup \dots \cup U_n}_{U} \cup \underbracket
&\os[\leq] {IA} \cpy_\alpha(A_n) + (1 - 27°{-n})\epsilon + \cpy_\alpha(A_{n+1}) +
\end{alignx}
so ok.
\item
\begin{align*}
\inf_n \cpy_\alpha(K_n) \os[\leq]{to show} \cpy_\alpha(K) \os[\leq] {\checkmark:
\end{align*}
Let $\epsilon > O \ \exists U \supset K$ open.
\begin{align*}
\cpy_\alpha(K) \leq \cpy_\alpha(U) \leq \cpy_\alpha(K) + \epsilon.
\end{align*}
$\exists n_0 \ \forall n \geqn_O : K_n \subset U$ (as $U \supset K = \bigcap_n K_n$)
\begin{alignx*}
\cpy_\alpha(K_n) \leq \cpy_\alpha(U) \leq \cpy_\alpha(K) + \epsilon
\end{alignx}
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make $\inf_n$, make $\epsilon \downarrow 0$.\gedhere
\end{enumerate}
\end{proof}

We now use $\cpy_\alpha(A)$ as above.\\

{\bfseries Aim\hspace*{lem}} Explore \enquote{smallness}\\

{\bfseries Exercise}
\begin{enumerate}[(1)]
\item $\cpy_\alpha$ is strong sub-additive
\item Using part (a), it holds $\forall A_n \subset B_n$
\begin{align*}
\cpy_\alpha(B_1 \cup \dots \cup B_n) - \cpy_\alpha(A_1 \cup \dots \cup A_n)
\end{align*}

\end{enumerate}
8.8 Definition. (a) {F,} isa(n &-)nest, if F,, is closed, F, 1 and lim, cap,(X \ F,) = 0.
(b) {F,} regular (E-)nest, if
F, = spt(1g - m).

< Vx € F, V neighbourhoods U(x) of x : m(F, n U(x)) > 0.
(c) N C X is (€-)exceptional, if cap,(N) = 0 < I nest {Fn} : Nc),F;.
(d) A property II(x) holds quasi-everywhere (q.e.) if {x : II(x) fails.} is exceptional.
(e) A g.e. defined f : X \ exceptional — R is quasi-continuous (q.c.) if

Ve > 03U =U, C X open,cap,(U) <€ : is cts.

o
Notation C ({Fn}) ={u: u|F cts, {Fn} nest,n=1,2,..}.
Exercise

(1) uisqc. < Anestandu € C ({Fn})

cap-811| 8.9 Lemma. { F,{ nest. Then { F } with F| .= spt(1. - m) is a reqular nest.
{F.} {F.} ) F, g
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Proof. Let F be closed, F' := spt(1,-m). Thenitisclear that F' C Fand m(F\F') =
0 as F' is the smallest closed set s.t. (F')" isa 1 - m-null set). Nowset U’ := X \ F’,
U:=X\F, thenm(U \U)=m(F'\ F)=0.Since ey, ey, é,,é, are defined via
Ly, Ly and as Ly = Ly, we get cap,(U) = cap,(U") (minimizers are equal). [

810 Lemma. (a) 8 = countably many q.c. functions { f, } . Then 3 regular &-nest { F, }
with8 C € ({Fn}) («uniform nest»).
(b) {Fn} is reqular E-nest, u € C ({Fn}) u>z0mas.=VxelJ, F, :ux) >0

or,u = 0 g.e., respectively.

Proof. (a) Vk3 nests {F”k}neN’ capa(X\Fnk) <t and f, € (‘3({Fnk}n). Set

n2k

F, = U F¥ (closed).

keN
Then
-sub A 1
-additive & I — |

1
SoF

and f, € CZ({Fn}n).5 By 89 F, := spt(]an - m) does the trick.

(b) Assume dndx € F, : u(x) < 0. u|F cts = I n'hood U (x) : u|U(x)mF < 0. But,
since we have a regular nest, m(F, N U(x)) > 0. So this is a contradictionto u > 0

m-a.e.
[
8.11 Lemma (Capacity finer than measure). cap,(A) = 0 = m(A) = 0.
Proof.
def N
0 = cap,(A) = E.(e5, )
L1
el y
85 (a)
> ‘Sa(ej =0
= E4(¢%) =0
85 (e)
— m(A) = 0. n

*New nest is smaller than the «private nest» of f,.
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cap-814| 8.12 Definition. w,u, : X — R functions.

(a) @ is a quasi-continuous (q.e.) modification of u if

« u =i m-ae., ie. i is an m-version of u.°
e Uisq.c.

(b) u, e, u q.e. uniformly if

ntoo
VedU = U, open: cap, (U) < e Au, —————— '
£ P pa( ) EAU, umformly on X\U_) N

o
o

Exercise u+ v = i+ D (need joint nest, «<=> qg.e.» bjo 8.9 b) we are q.c.).

2
o

Key to existence of ii is a Markov-type inequality.

8.13 Lemma. u € F N C(X). Then
K, 2
cap, (Ju| > 4) < <7> Ealu, u), (8.6) |cap::eq0
where k denotes the sector constant.

Proof. Set U = {|u| > A} open, ; |u| > 1 on U = 1 |u| € Ly. Then’

def
cap,(U) = Eqley, &

85 (a) 1 5
S & ((1 |”|> )

sector

Kll A
< 7 Vga(lul/\/l)vsa(eU)
3.17
< -V a(u \/ (x(é{lx]
< %\/ea(un/ Ealel, %),

then the claim follows by definition of cap,(U). Idea for the last inequality:

Ea(y) = Ealé)) < Ealéyy, €7)),

since ef; € Ly, 8.5 (a). [ |

850 keep in mind, i is the function as a good candidate for the equivalence class . So it is all about
choice of a good L2-representative.
’Use Theorem 3.17, T(x) = |x| A A and show |T'(x) — T(»)| < |x — y|.
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Existence of @i = «Lusin theorem» for capacities.

8.14 Theorem. Let (E,F) regular SDF,. Then any u € ¥ has a q.c. modification i.

Proof. ® Fix u € F. By regularity 3(w,), C FNC.(X) : w

&4
. —— U (worse case take
a.e.

subsequence for a.e.). Then we find a subsequence (u,), C (w,), with®
&5, —u,) <27

Then by (8.6)

22

23n - o :

capa(|un+1 — un| > 2" <

Define
Fy=({|ten —w] <27}, U,=X\F,
k=n

Then the F, are closed, F, T. Now we get

Capa(Un) = cap, U {|uk+1 - uk| > 2_k}

k=n
(8.6) o K§
k_nl > 1 2
<
Thus, {Fn} are nests and by definition, VN e NVx € Fy, Vm,n> M > N :
(6]
-M
|4, () = 1, ()| < D | () — (0| < 2-27M,
k=M
uniformly
and so u, ——— lim,_,__ u. Set
on Fy

lim,  u,(x) x¢€ UNeN Fy

else

i(x) .=

it is cts on each F, {FN} is an E-nest, i.e. il € 6({FN}). So we need to show that

IS

u.

(@#u)c [)Fy u{u;élimun}
N

| |
m-null set

[
cap null set

8Note the analogueous to the proof of the Fischer-Riesz theorem.
Note that we are on the diagonal so symmetric € or not does not matter.
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Remark Nothing said about measurability. So we need to work with complete mea-
sure spaces.

8.15 Corollary (Chebychev-type inequality). (€,F) asin 8.14, u € F. Then™

2

K
cap, (|i] > 4) < /l—gga(u). (8.7) |cap::eq0

Proof. u € F, ii,u, as in proof of 8.14. Then by 8.14

uniforml
Ve > 03U = U,open: cap,(U,) <€ : u, —;\7% i.
Now
Vn> N,
{lal > 4} < " {Ju,|>21-€} uU,
Then

87 (b)
cap,(|it] > 1) < capa(|un| > A—¢)+cap,(U,)
L | I — |

2 <e
< Ka sa(un)

(A—e)?

2 e
n—oo o a

&
el (- &)’ QW) +e (u, — u)
2

el0 K
-5 /1_‘;80(“)'

Remark In general, we have cap,(A) =0 = m(A4) =0
Have f > a >y : cap,(A) < const.Kgcapﬂ(A)

8.16 Corollary. (&, F) regular SDF, (u,) C ¥, E}-Cauchy (a > y), i, g.c-modifications

q.e. uniformly

Proof. Use (8.7) and 8.13 and get"

cap, (|@ugr) = fiyg| > 27°) <27

ONote Eq(u) = Eq(@), i is L>-representative of u.
""Mind: i, is a suitable subsequence s.t. Eq ({4 1)y —ln)) < 27F and Eq(0) = Eo(w), u £ v = ix0.
Choose the same nest for everything, ok by 8.10.
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Now take a joint nest (®,), of (i),

b= ﬂ Uty = o] <27} n @,
1>k

are closed. Use U, = X \ F, open.

Now  (F)),cy IS @ nest

Iim 7] X) on F
Set ﬁ(X) ::{ k— o0 n(k)( ) Uk

0 else
= i E G({Fk}) and so u = ii m-a.e. [ |
Now let (G,),s,, (T}),5 be resolvent and semigroup given by (€, F) (— §3.1) on L*(m).

But Lemma 3.13  Extend G,, T, onto L*(m)
Mind T,,G, : L*(m) —» L*(m), B,(E) = bdd Borel functions C L*(m) — L*(m).

Mind Original on L? and extension on L™ get the same notation.

8.17 Proposition. (€, F) regular SDF,, resolvent (G,),..,. Then
Va>yVfeL*(m)s.t {|f| =€} cptforany e > 0, we have: G f has q.c. modification.

Proof. WLOG (b/o linearity) f >0, > a > y.

° Assume f € L2 L(m)yn L®(m). Then G, f € F and Gﬂf exists and

||G;f||L°°(m) ||Gﬂf||Loo(m) ”f”LOO(m)’

p

ok, ﬂ in L*(m).

2° m Radon, X topologically good, {f > €} cpt. = I cpt K, 1, m(K,) < oo and

uniformly

[ i=f1g € L*(m)n L*(m) and f, ——= f

3° Take a joint nest for all objects (use 8.10), then

n,k—oo

||G;fn - Gﬁ~fk||Loo(m) ”Gﬂ(f fk)||L°°(m) ”f fk||L°°(m) —0.

uniformly

So A(Ryf) : Gﬂf ———= R, f, hence, Rﬂf g.c. and

R,f = 1im G, f, = hmGﬂf S¥ep

n—oo
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8.18 Remark. ! 8.17 does not give an operator R; but a function R, f, means, nest
depends on f.

Want q.c. modification of T, f.

] 36
Strategy 7, (L*(m)) C D(A) C_F, € means T, is improving regularity.

8.19 Theorem ([RS75], Theorem X.52). (a) (T,),5, contraction semigroup on L*(m) which
is analytic, i.e.

z—>Tu, z€ SK&)={|Fz| <k Rz} (8.8) |cap::eq0
is a extension, it is analytic, u € L*(m), it is a semigroup on S(&). Then

T, (L*(m)) € D(A).”

(b) (€,9) SDFE,. Then the sector condition
|Ea(u, V)| < k, VEL()VE(V)
= (e™'T,),., analytic.

Sz

"f\"
.'\J\
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Exercise, use

Recall &,(u,v) =(b) (au — Au, v) >, if u € D(A)
3.5

= sector condition is a condition on (« — A)
= use «soft» analysis.

8.20 Corollary. Let (T}),5, be a semigroup given by SDF, (€, F). Then T, f has for all
feL¥m)st{|f| > e} Ccpt.setVe > 0.Thent, f has a quasi-continuous modification

T.f

Proof. Mimic the proof of 8.17. [






Chapter 9

MARKOV PROCESSES

Setting

« (E, B(E)) measurable (topological) space

(Q, A, P) probability space

E, := EU {A} cemetry or coffin state

« E compact, A is a new isolated point, else: 1-point compactification

« Filtration, i.e. A; C A o-algebras. s <t : A;C A, A =0 (XS t0<s< oo)
measurable
random variable X : (Q,A) —— — (E,B)

stochastic process (2, A,P, X,,t >0, E)

Markov process (Q, A,P*,xe€ E,X,,t >0, E)

(M)  « X,(w)=Aforallt > &w)=inf {s >0 : X (w)=A} €[0, ]
«Vt>039,: Q- Q: X,J0) = X, (), the shift.

h
ot i X,(w) is cadlag (right-cts in [0, 00), left limits in (0, 00)) Ve

(M2) x —» P*(X, € B) measurable V¢ VB € B(E) the transition probability

(M3) Vs,t o = X,(w) A;-measurable, i.e. «<adapted», the filtration is right-continuous

def
= Ay = A

>0

and the Markov property holds

VB € B(E) : P*(X,,, € B| A) =P*(X, € B)

t+s

(M4) PA(X,=A)=1Vt >0

'Says: once | in the grave, i stay there.
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(M5) PX(X,=0)=1Vx € E

Xt - (..............................................)
B
D ”/VIV\{\ : > time
t t+s
X

PX(X, edy) =P*(X,,, €dy| A,) = P*(X,,, €dy| X))

rationale one-step transitions P*(X, € dy) are all we need to know!

« Starting distributions y = probability (E,, B(E,))
.TeA,:PD)E Jo, PTOu(dx) (X, ~ . P* = P%)
« F} := completion of A; w.rtv

L= U,

« Stopping time o : Q — [0,0] : {0 <t} € AVt

e A, :={'eAx : I'n{o Lt} € A, Vt 20}

« Strong Markov process is a Markov process @

VB € B(E) : P¥(X,,, € B| A,) = P*(X, € B) as. wrt P*(X, € dy) on {c < o0}

+o

« quasi-left-continuous (qlc) o,,n € N, stopping times, ¢, T o stopping time

P (hm X, =X,, 0< oo> = P#(c < )

n—0o0
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Example o =35,0,=5—11 0. Thenbyqlc

n

N

X1 =5 X s — X left-cts

The problem is that the «a:s.» has an exceptional null set depending on (s — %)neN

A Hunt process is a quasi-left-continuous strong Markov process.

How to construct a Markov process  Assume (X)), is a Markov process.

Pf(x) :=Ef(X), fEBYE), >0 (91)
Claim P, is a sub-Markovian semigroup

(@) x = P, f(x) measurable, i.e. P, : By(E) = By(E)
Indeed  Standard «Sombrero-Lemmay» argument x = P*(X, € B) = P1g(x) is
measurable resp. f fPY(X, €dy), f =lim,( step fns ),
e — |

measurable in x

(0) P f(0) S B (f(X,,,| A) = EXEN(f(X ) = EPf(X,) = P(P.f)(x)

(c) P issub-Markov:0< f <1 =0<E"f(X,) <1’

cts
Other «semigroup» properties need more assumptions, e.g. (Cy) («— ¢t —_ X,) or
in P*

P : C, = C, (Feller property)

Main point Markov property yields a construction principle of a Markov process
given P, Vf,g € By(E), Vs, t 20,5 <t

E*f(X)g(X,) = EX(EX(f(X,)g(X,) | Ay)
= EX(f(X,) EXg(X,_)
= EX(f(X,)P_,g(X,))
= P(f - P_g)(),

eg. f=1,,8=1;,— P*(X, € A, X, € B). So, by iteration,

’Note that IE"IIEA = 1, E*1g can be < 1. Mass can vanish to o0. So f € B(E) always means

f(A) =0
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9.1 Lemma. Let (X)), be a Markov process. 0 <ty <t <--<t,n€N, B, ., B
B(E), u = 6. Then

S

n

J P*(X, € B, i = 1,..,n)u(dx) = JPII 115 P [15,P 0, [P 15 ]]]] )u(dx)

(9.2) |mp::eq02

Basic result on process construction.

9.2 Theorem (Kolmogorov, 1933). Let p, ,...p,, 0 < t; <.. <1, be consistent (projec-
tive) probabilities on B(E), i.e.

* P (ByX..XB,) = p, (By1y X . By(y) VY permutations o @ {1,...n} —

(1) Ia(n)

.....

D, tn(Bl X..XB,) = [I3>(X,1 S Bl,...,X,n € B,) (9.3)

-----

-----
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FROM REGULAR SDFyTo HUNT PROCESS

9.1 @ 9.2 => MP can be built from P, or more precisely
p,(x, B) := PX(X, € B) = P1,(x)

is a measurable function in x and (7,) the semigroup given by (€, ¥F). But
p(x, B) :=T15(x)

is not good, depends on an exceptional null set N = N (¢, B).
Work Clever choice of representative

A (Measure/Markov) kernel p,(x, B) t > 0,x € X, B € B(X)
« x = p,(x, B) measurable V¢ > 0 VB C X Borel
« B — p,(x, B) sub-probability measure Vz > 0 Vx € X, i.e. p,(x, X) < 1

« the Chapman-Kolmogorov equation holds Vs <t Vx € XVB € B(X)

Pis(x, B) = J p,(x,dy)p,(y, B)

<= semigroup property <= Markov property of process

Notation p,f(x) := jf(y)p,(x, dy), «identity the semigroup with its representing
kernel»'

Idea for rep. Take 7,1, = q.c. modification = a single function

Need «T,1,» need to modify the semigroup.

"Exercise: b/o Chapman-Kolmogorov
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Problem, losing q.c. modification = get nests {F,?}k, E = U F,?, cap, (X \
E) =0, can take (by 8.10) one nest for all objects (> need countability)

Drawback New state space E, «loss» X \ E non-constructive’

Setting
« (€,9) = regular SDF,
. (Ga)a>y (Lz-)resolvent, (Tt),>0 (LZ-)semigroup

Know G, T, «live» also on L*(m) (harparrowright cf. {3, {4)

10.1 Lemma.
= Z(.B - a)”GZHf, feL*m),0<a<sy<p (10.1) |hp::eq01
n=0
extend (G,),s, to all a > 0 (in L= (m)).

Proof. G, is sub-Markov. Then by (??)
||Gﬂf||L°°(m) ||f||L°°(m)

||Gﬁf||L2(m) S }/——ﬂ ||f||L2(m)

Hence
— a)nGZ+1f < Z(ﬁ _ a)n ||G;;+lf||Loo(m)
Lm
" 1
Z(ﬂ_ ) ﬂn+1 ”f”L ©(m) = ﬂl—— ”f”L°°(m)
|—|

So (10.1) makes sense. Why extension? By the resolvent identity
G, f =Gyf + (B~ )GyG,f, [ €L m)nL*m), a,f>y
and by iteration, we get
G,f =G,f +(B-a)Gyf +(f - a)’GyG, [

Now it is easy to see that (10.1) follows. So (10.1) gives indeed an extension satisfying
the resolvent identity. |

’So we have a process which cannot start everywhere.
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The next lemma addresses our countability issue.

10.2 Lemma (Fukushima). [F anyset, B C F countable, X countable many functions such
that F X FtolF. Then there is a countable set D with

(a BcDCF
(b) Vse X :s(DxD)cD

Proof. Let (s, 55, 55,..) be q sequence s.t. every s € X appears oo often in (s, $,, S5, ...)
(e.g. £ X X and enumerate it if 2 is infinite). Now define

B, :=0B
B,., :=B,us,,,(BxB,), n=12,.

D= O B,
n=1
and

Vi,eeDVseXdn: f,geB, :s=s,,.

() Construct kernels p,,t € Q,,t > 0

10.3 Lemma. There is a reqular nest (F,?)k and Markov kernels (p,(-, -))teq‘-=D+ and R, Q, >
a > y) with

(@) P(Co(X)) CCx ({F}),1€Q,and R,(Co(X)) C Cx ({F}), a>y,a €Q,
(b) pu=Tu Ru=G,uVue L*(m),t € Q,.Q, 2a>y
Proof. 1° Claim 3 countable B, C ¥ n C.(X)

+ B, dense in C.(X)

e u,v € By, a € Q*

P=areray |41

3Note that Co(X) = C.(X) = {u € C(X) : Ve > 0 3K, cpt: ||u]lK£c . < s}.

4Notethatx/\y=%(x+y—|x—y|)andxv =%(x+y+|x—y|).So lu| <= uAv € By or
uVvVuv € B
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Indeed Take (1;),cy € C.(X) dense.

B/o regularity Vk,n 3u;,, € FNC,(X) : ||lu, — uy,

00 < %
Clear (triangle inequality) G := {uk’n s k,n € N} C C.(X) dense

Consider
So(u, v) 1= |ul
s;(u,v) '=u+v
$,,(u,0) i=a-u,a€Q
with (3"0 CC(X))2 - Fn C,(X). Lemma 10.2 applied gives set B,

H, = U (TI(BO) U Ga(BO)) C F, since T, is analytic and by 2.11 G (F) C
teQ,,Q,da>y

D(A) C F the «C» follows from 8.19. Then H, is countable and by Lemma 8.10: 3
one () common nest {F,?} with

Hy:={i: @€ Hy} CCx({F'})
Set E := [,y F,? C X, cap, (X \ E) = 0. Use 820 (and 8.10 to get joint nests!).
SoVx € E,u,vE By, 1t€Q,,ae @

T,(u + v)(x) = Tu(x) + T,v(x)
T,(au)(x) = aTu(x)
0 < Tu(x) <1

= |Tu(x)| < llull Loogmy = llull (sptm = X, full support).

ueBuz20=M = |lul|, <o, takeacQ,,a>M.
= 4 € By, 0< 4<1,0<T4x) = LTu(x) < 1 multiply baa, leta | |ull,, along
Q,.

x € E, Define [ (u) := T;u(x), u € B,

Claim u — [ (u) positive, bounded, linear (v' 3°) and extends to C_(X) by conti-
nuity

SLast line: 0 < u < 1 ae, argument: 0 < T,u < 1ae. (Markov) — 0 < T;u <1ae. (T,u =T ae)

— g.e. (8.12 b), maybe make except set lower -- it is «uindexed» by r € Q_, u € B,
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ntoo dense dense

Indeed Vu € C(C) I,),en C By : |Ju,—ul| , — 0B, C C, C C,).
Then®

[ () := lim T;u(x) exists uniformly

1,(w) € Cu({ F}), ie. Tou, cts on F) Vk
5° By Riesz representation theorem (x € E fixed)

- def _
[ (u) = Ju(y)p,(x, dy) = pu(x) Vu € C(X),
where p,(x,dy) is a unique, regular Radon measure (x € E).

« p, are sub-probability measures,

pi(x, X) = sup J u,(Wp(x,dy) = 1,(u,)
U, € CFXu, 11 g

un

< sup msl
n

« U C X open, Ju, € C.(X), u, T 1, (Urysohn). As above it follows
- def ~
p,(x,U) =supl.(u,) = supT,u,(x)
= x — p,(x,U) measurable YU open.
By regularity’
p(x, By = inf P(x.U),

WLOG inf over countably many open sets (X is separable!l). So x = p,(x, B) is
measurable.

Ifx ¢ E p,(x, B) = 0. Measurability preserved as m(X \ E) = 0 and m
complete.
= p,(x, B) (Vx € X VB € B(X)) a kernel.

0 3°
6 - 3
Titty = Tty = Tty = t) < [ty =t ]| .
’One could also use a monoton class argument.
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6° L*-extension. Vu € C,(X)

Pu = Tu, WLOG u > 0 (else u* etc.)
Jw € By, w = u®

Nl
o 4,1
Setv, :=u, Aw whereu, € B,, u, — u.

~ a.e.
Now p,v, =T,v,,p,0, ?D—O—M—; p,u

Mind v, € By, so T,v, makes sense.
Is p,u the q.c. modification of T,u or jp,u = Tu, reps.?

&a = . ~ . .
Idea T,v, — Tu, then 8.16 3T,u = lim, T,v, and is q.c. modification of T,u°

82‘0 (];(Un - Ll)) = <A];(Un - Ll), 71t(Un = u)>L2(m) + aO <’Tt(Un - U), ]—;(Un - u)>L2(m)
nt

<GC, ||Un - u||L2(m) TD_O_M_))

and, hence,

~ 7 q.45 .
v. =Tv, —2Tu q.c. version of T.u
PiUy t=n uniforml}}&l(é] !

pu
_ ae _~ _  qe ~
Now pu=Tu— pu=T —tu.

Claim Vue L*m)nB(X) : pu=Tu
Need MCT = Monotone class theorem
Define H = {u e L*(m) N BX) : pu= T;u}

6° = C.(X) C H = 10.4 (c) (Urysohn)
3 linear = 10.4 (a)

I
°T, analytic, ie. Tu € D), |[AT;|| < <
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For10.4 (b): (u,), CH, u, Tu € L*(m) N B(X)

= u, 2= 4, (DOM)
12

€ap . . o
Tu, g T,u, analytic semigroup, cf. 6

816 —
Tu, e Tu
1 n(k) uniformly !
=|qe. = 8.10 (b)
ae. =
~ qe. ~
ptun(k) BL plu
—uekH

MCT = H = L*(m) n B(X).

Remark R, a >y goes in the same way.

10.4 Lemma (MCT). H C L*(m) n B(X)
(a) 3 linear space
(b) u, E}C,unTueLz(m)nB(X):yuef}C

(c) YU C X open 3(u,), C K, u, 1 1, pointwise => H = L*(m) N B(X).
Proof. G C X open, m(G) < c0.Set Dg :={ACG : ABorel, 1, € H} (;é)
Note ONG={UNG :Uopen} CDg

(@) - (c) yields: D¢ is a Dynkin-system

= oc(O0ONG)=6(0NG) C66(Dg) =D Co(ONG)
= Ds; = B(G)

Ifu € Li(m) N B(X). Pick open sets G, T X, m(G,) < co. Then by the Sombrero-

(b)
Lemma: ulg € H and ulg Tu = ue H. So Li(m) NBX)CcH = L*(m)n
B(X) C H. [ |
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10.5 Lemma (Urysohn). K c U C X, K compact, U open, U compact. Then

Afky € C(X) : fK,U|K =1, fxu

ye = 0.
Moreover, VK compact 3U,, open, Fn compactand U, | K.

d(x,U°)
dx,Uc) +d(x,K)

Sketch of the Proof. Set [ ,(x) = d(x,A) = IaeA d(x,a) is

Lipschitz.

To get U, | K (in X any relatively compact set). Use open cover, take finite sub-
cover. n

(I1) Construct a joint nest { F, }

(U,),n is a basis of the topology O in (X,d)",if VU € OVx € U In(x) e N : x €
Uy CU.

n

0, :={U, U...uU, :n <nm<.<n, keN}

e, = equilibrium potential of U € O,

u

¢, (a) q.c. modification of e, € F, 0 < &, < 1 qe.”
10.6 Definition. 9 is the smallest family in F N By(X) such that
(H1) B,U {éU}UEO1 C FC (B, from 10.3,1°)
(H2) p(FOCI R, (FOCHVI€Q,, A€Q,, A>7y
(H3) ¥ is an algebra over Q.
10.7 Lemma. J( is countable.

Proof. Consider the maps (FNByX)) = FnByX)

siw,v) =u+v s4,(u, V) = pu

Sp.(U, V) =a-u ss.,(u,0) = Ryu

s;(u,v) =u-v

°In R” : one would take K + B1(0)
""Mind: You get any open set from this basis
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Use 10.2 for
IB == BO U {eU}UEOI
Y= {51’52,(1’ Sy 84085, - a€Q, At € Q+}
|
Assumption y < 1 — can take a, or @ = 1 with reference capacity is cap, (instead
cap,
of capao)

10.8 Lemma. A generator of T, (or G, or €), u € D(A) C F, in particular, u = G, f
(f € L*(m), A > y), then

&
a Tu—u
@ Tu—

1 1t &}
(b) ;(G u—e 'G T,u) pr
.6
Proof. (a) u€ DA) =  3fe€Llm) :u=G,f

D(A) =G, (L), A>y

& (GT.f = G\f) = (Tf = .G(T.f = )y

Csl1 1 10
Res§ineq, m ||T[f - f“iz(m) — 0
(b) u € D(A)
+(Gu— 6, Tu) = 6.1~ A

=id
= %Gl (u—Tu) + % (1-€")GTu—-G,(1-Au

2 Gy(=Au+ Guu— G(1 — Ay = G,0.

Rest as in (a).
[

10.9 Lemma. 3 a regular nest {F, }, _ such that Vx € E, := |J, F,, VA1 € Q,,
ue H,U e O, we have®
(@) H C € ({F,}) F.CF/

(b) éy(x)=1YueUn E,"

BDefinition of E, referes to 8.2 (h).
“Note that «quasi» is covered by X \ E;.
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(c 3, cQ,, 1, 1 0and 3(4,), C Q, 4, T 0 with
_ kToo  ~
 §, Rju(x) — Ryu(x)

1 ~ _ ktoo .~
" ( (Ryu(x)—e lept Au(x)) — R,u(x)
k

e AR, u(0) s u(x)
(d) p,pu(x) = P,y u(x)
(€ p,Ru(x) = R pu(x)and e”'p,Ru(x) < Ru(x) (u>0)"
() e7'péy(x) < éy(x)
9 0<eéy(x) <1
() &,(x) < &, (x) YU C W € 0,
Proof. (b) Know from 85 (c) YU € O,

8.10 (b) qc
eU ZlonU = éy = lonU iscts fn

Now #1O0; = #iN we get
ANy, cap;(N) =0VU € O, Vx € U\ N, : é,(x) =1,
where N, = Uerl (U-dependent exceptional sets).

(c) Want to use 8.16. Observe
&
T, G ?GAu some ¢, | 0, fixed u, 4
Taking further subsequence of {tk} with the same name, we get®
816 q.e
= p, Ru ———— Ryu
k uni formly
Assertion f12 is similar (use 10.8 (b)), assertion #3 also similar, use 3.5 (c), i.e.

ES
AG,u M—l> u @ 8.6 as before.

So far (#,), (4,),u, 4 fixed and the exceptional sets depend on these «parameters.»

B0nly for the second part.

ae. ~ ~ X
'®Note that we also using G,u = R,u and T, Guu=T; RuasT,; isan operator on L*(m).
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(1) #9¢ #Q, = #iN, i.e. can take (by diagonal trick) one (z,), and one (4,), for all u,
all 4 € Q,. Take N, := Uu’/1 (u and 4 dependent exceptional sets) = common
cap,-null-set for (c).

Now

(a) Corollary 8.10 tells us: 3 common nest { F, }, . forallu € F s.t. F C Cx ({ F, }).
Now F, — F N F,? is still a nest (F,? from (1))

Canassume | J, F, =: E, satisfies X\ E;, D N;UN, = our common exceptional
setis X \ E,.
Clear (b) and (c) hold for all x € E,

- . ae ae. ae. _ -~ - ~ ~ ~
(d), e) p,p,u =T, Tu =T, u = p,u but ppu, p, uarectson E, soppu=p,.u
on E, (q.e. on X). (e) very similar, DIY.

(f) ey is 1-excessive <= e 'T,e;, — e, < 0 a.e. By 810 (b) e 'fe;, — &, < 0 ae. As
da.e. a.e.
ey = éy and Te, = T,&é, we also have e”'p,é, — &, <0 ae.

(g), (h) Similar. |

Need E,, R, p, is a semigroup.

(111) Construction of a Markov transition function

10.10 Lemma. (a) 3 Borel E, C E, withcap,(X \ E,) =0" s.t. Vx € E,,t € Q,
p,(x, X \ E,) =0.

(i.e. 1-step transition function a.s. only sees E,)

(b)
p,(x,B) x€E, BeB(X)
p(x, B) 1=
0 x & E,, Be B(X)
defines (t € Q) a family of Markov sub-probability kernels satisfying Chapman-Kolmogorov,
ie.
ppu(x) =p, u(x) Vs,t€Q,, u€HVxeX (10.2)
(i.e. the kernels love on (X, B(X))).

j.e. 1 can extend my capacity on an exceptional set
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Proof. (a) Now that

8.11 T, in L?
capX \EN)=0=m(X \E)=0= 15 =0ae =Tly, = Oae

Lemma 103 (b) says p,1 y\ g, () as a q.c. modification of ;1 y, g, (), so new cap,-null
set. Hence, 3 Borel E?) C E, and cap,(X \ E§1)) =0andVx € E"1 € Q, :
p,(x, X \ E;) =0. Now iterate this argument. We get

E > EV>EY> . > EY. Borel
such that
vxe EMY req, :cap,(X \ E") = 0Aj,(x, X \ E) =0.
Now

E, = ﬂ Eik) does the job.

keN

(b) E, C E|, so only 10.2 to show. Recall
pu(x) = [ u(y)p,(x,dy).
yeX
Therefore,

def  _
p,pu(x) = p,pu(x)

x€E,

@ L
= ptpsu(x)

109 def
= Py u(x) = p, u(x)on E, [ |
x€eE,

Problem p,(x,X) <1, not=1
Need X, = X U {A} 1-point-compactification
Want p;(x, X,) =1by X, = X U {A}, A gobbles up all mass defects.

Now Standard trick to go from sub-probability kernel (p,(x, X) < 1) to a probability
kernel (p;(x, X) = 1)

{p;(x, B) :=p,(x, B\ {A}) + [1 = p,(x,X)] 6,(B), x€ X, BEB(X,), t€Q"
pi(A, B) = 6,(B)

(10.3) |hp::eq06
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= pi(x, X,) =1Vx € X, is still a kernel
(1V) Construction of Markov process (on Q™)

Stochastic basis

Q=X Y ={w:w:Q" > X,}, (10.4)
X0 Q)= Xy, 0 X)) = w) (10.5)
A=cX":teQ) (10.6)
A =c(X?:5<t, s€Qh), teQt (10.7)
A=A, rea’, ter? (10.8)
r>i

A} :=0(A;,N), N all P*-null sets, all x, in E, (10.9)

(10.10)

10.11 Lemma. 3 aMarkov process (with shifts 9,) (Q,, A,P*,x € X, A%, X,,t € Q*, X, B(X,))
satisfying (M 1) — (M4) of { 9 relativ to t € Q* with transition function p;(x,dy) as in
(10.3).

Proof. Kolmogorov's theorem 9.2 and 9.1, since 9.1 gives us the fdd (p, , .., p, ) from
p(x,dy). u

Aim  Actual state space is (E,) U {A}, not X,

10.12 Remark. We have

P*(X°e€ B)=p,(x,B), t€Q", x€ X, B e BX).

Take x € E, U {A}, then

P (X" € E,U{A}) E pj(x, E, U {A))

= RGE)  +[1-px X)] S\(E,U (A)) =1

=1

construction _
= pt(an)

1Q =N
— P*(X) € E,U{A},Vt€eQ")=1x€ E,U{A}.So

box E, U {A} is «invariant» for X?
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hitting times

oy, =inf {re Q" : X} eU}, UeOX)
00| := min {t eD: XtO S D}, D c Q7, finite,
U

D

as usual inf @ = min @ := +co.
1013 Lemma. U € Oy ((1l), unions of basis sets) and &,. Then
F*e=°0 <éy(x), Vx€Ek
Proof. Set Y (w) :=e™é, (X} (w)) w € Q,, t € Q™.
1° (Y, A?),cq- is a positive bounded (< 0) super martingale Indeed

+ 10.8 () <q§ ey L1=0 < Y,O <1 Pae VxeE,

«s<t s,teQand x € E,

o 5 XEEZ L B 10.8(f)~
e p,_8y(x) =" e "Ip_eu(x) < &y(x)
Thus,
x 0 0 def Xy —t~ 0 0
E* (Y, | AY) = E¥(eey (X)) | AY)
MP on 0
= e'EX e, (XY ,) Pras.
_ ~ 0 0
=e ! t—seU(Xs) XS
10.8 (f) 0 0
< e'ey(X)) =7,
2° Now™
50 &0
E*(e U|Ds5 < o0) =[E"(e U|D éU(XO() ))
ul, °
L,
=1&SX00 eD
U
D
def
= EY°
(o2
U
D
opt. def
< EY, = E'u(X)) = &,.
stopping

®Note that E*(Z, B) = EX(Z1p).
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3° D 1 Q" use (DOM) on IhS of the chain of (in)equalities, since® ¢°, — oy,

U
D

10.14 Corollary. (a) U € O and ¢, is q.c. version of e,;, then
Ee™°v < éy(x) qe, (10.11)
ie. forallx € E,.
(b) IfU,€0,U, | and cap,(U,) | O, then

P*(limo;, = o0) =1 qee.

Proof. (b) follows from (a) and Beppo Levi cap,(U,) =< &Ei(ey ey ) | 0, ie ey |0
ntoo

in €{-sense and Lemma 8.16 ¢, ————— 0 for a subsequence (n(k)),. Thus, by
nk)  q.-uniformly

(10.1),

g0 n
E*e "vn — 0

n
== ag — 0 P*-as.

(a) Have to show (10.1). U € O take (V,) C Oy, V,, T U and by 10.8 &, (x) T (x € E,),
éy = lim,é, (x) on E, (Notation!). With Lemma 10.13 and Exercise above and
Beppo Levi, (10.11) follows. Formally! Need meaning of é;,. Show é;, is qg.c. version
of e; = equilibrium potential of U.

10

85 (a)
al(eVn) < al(eVn7éVn)

def
= cap,(V,)

v

WLOG
<cap,(U) < oo.

85
de*€F ey rightharpoone* = ey, like in Proof of 8.7 (c).
Need e € Ly = {a) eF . co|U > 1} since ey, 1 e*

YExercise: U, € Oy, U, 1 U, : ag T ag. Normally this requires continuity of the sample path,
but we have r € Q*.
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Now
85 (a)

8I(eVn) < gl(enaeu)

ey =e" €Ly

weak resonance

= &€i(e,) < liminf & (ey)

— hl’l’ln El(eVn) = 81(6U)
2° Ei(ey — ey) =0,

Eiley —ey) =&j(ey) —2 &jley,ey) + Eiley)

I ]
rightharpoon&j(ey) 10

—>&%(ey)
ntoo
— 0.
816 _ & - .
= &y ——————= & = q.c. version of ¢,
g.e. uniformly

Want to pass Q" — R™. «Fill gaps» in X". Idea

X, = lim X°
1+ S+ S
seQt

Problem Existence? — martingale theory. (s = t+ < s |1, s > 1— < s 11)

10.15 Lemma. 3 Borel E; C E, (from Lemma 10.10) with cap,(X \ E;) = 0 and for all
X € E3.'

(@) P*(Q)) =1 where Q =Q,, N&,, and

. Tim 0 _
Qy, = {co € Q. hlgnaX\Fk(a)) = oo}

Q, = {a) € Q, : Vt > 0 left/right limit of (X?),cq+ exists € E, U {A}}
(b) Define the process

limg.o,,, X(@) 0 €Q,t>0
)Lrt(a)) : { Q BS»LZ S( ) 1
u E Szl

Then, P*(X, = X} Vt € Q") = 1.

(€ P*(X,=x)=1
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(d) Range(w,t) = {Xs(a)) : s €0, t]} andQ, = {w € Q, : Range(w,t) C X compact if X (w) € X:
Then P*(2,) = 1.

Proof. (a) 1° Use Corollary 10.7 (b) 3E; as above such that P*(Q,) = 1 and P*(Q,) =
1Vx € E;.
- . 10.6
2° Claim R;(H*) C Goo({Fk}) separates points in E, U {A}
10.7
Indeed assume x,y € E; U {A} and R,u(x) = R,u(y) Yu € F*. So,

since R, p, preserve F(*. So for (¢,),,7, | 0 as in10.9 (c) R,u(x) = R,u(y),
multiply by 4 and again by 10.9 4 = 4, 1 oo,

Bj c ¥t
u(x) = u(y) = X =y,

C}n By densein C}

and separates points.

3° Claim  Q, \Qy, c U ol where

ueH+

Qgt] — {co €Q,: (ﬁlu(X?(w))) o+ does not have right or left limits for some t}

NS

Indeed Take w € Q; \ €,. Then 3t > 0

X? := lim X% or X2 = lim X? does not exists.
Q>slt Q>3st

WLOG X7, := limg,, X? does not exist. Then
Vwe Q, JkeN:t< ag\Fk(w)

= 3(s);, (5), CcQf, 5,18, s/ ltIx#y, x,y€ F,U{A}:
lim X{(@)=x#y= lim Xy ()

2° - - -

= Ju € H* : Ryu(x) # Ru(y).
Know R1u|FU{A} is cts (b/o Cy, i.e. 0 at {A})

~ k . ~

= lim, |, Ru(X} (®)) # limy |, R u(X? ()
= claim.

22 Aim  PYQL) =0 = P*(Q), \ Q) =0
= PX(Q,) = 1 = P¥Q,) = 1.
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Fixx € E,,u € K+, s <t s5,t€Q".
E* (e Ru(x]) | A%) =: E* (M| A7)

= [EX?e_’Rlu(X,O_S) P*-as.

0n

def _, ~ 0
= e 'p,_,Rju(X;)
X'eE,u{Ayas. ., «
=" e p Ru(X)) (as)

10.12

10.9 (e) - ]
< e Ru(X?) = M

e—t — e—(t—s)e—s

== (Mt[u], A?) positive, bdd super martingale

teQt
= VYueH: [P’X(Qg‘]) = 0 bjo (super)mg convergence theorem.”
(b) Take u € C(X,) := {u : X —- Rectsand lim,_ , u(x) exists.} and v € H*,
A,t€QF, x € E,.
x N> (OOM) . Ex N> 0
E*(u(X,)R,v(X,)) g 11{11[]5 (u(X,)R,0(X},,))

MP 1011 _, " 0 ~ 0 . 0
=( | 11]£n[E (u(X)p, Ru(X,)) (condition w.r.t A7)

10.9 (c

= E*w(X))R,v(X?))

Now again 10.9 (c), use A = 4, 1 oo (after multiplying by 4, etc)
= Fu(X))o(X,) = Eu(X)o(X?). *

Aim [FDX(XZ * X,O) =0,bu®@uv~ 1{(x,y):x:y}(.’ )

Know x true Yu,v € H*. Use Lemma 10.4 and proof of 10.3 step 7° (= monotone
class argument) to see

*holds withu =15, v=15 VB,B' € B(X,) )
Need * on B(X, X X,), B X B’ ~ general mble set. Use Dynkin-system trick to
get21
EX1-(X}, X,) = E*1(X?, X?) VI € B(X, X X))

IfT" = diagX, XX, = {(x,x) : x € X, } € B(X,XX,). Hence, P*(X, = X)) = 1
Vi € Q.

2ORemark: «Only» need martingale convergence for discrete martingales (Q* indexed!). So this is a
standard trick to show that a Markov process has (a modification with) cadlag paths.
21D|Y O'(B(XA) X B(XA)) = B(XA X XA)' ‘D/ = sets € B(XA X XA)
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(c) Take 10.9 (c) and Vu € H*, x € E,. Then

ERu(Xy) = limp, Ru(x) = Ryu(x)
= 1m =
! adlag  k Py SO S A

Multiply by 4, pick A = 4, 1 o0, by 10.9 (c). So,
Eu(X,) = u(x) Vu e+,
pick u, | 1,,(x).

(d) 3K, cpt, K, T X. Take u, € B, (CC.(X)NF, cf.103(a)).0<u
Setv :=) 27"u, > 0, € CL(X). So, by 10.9,

<1,unK > 0.

n

n

« Riv(x)>0Vx€E, (use Rju,>00n K, NE)).
- e7'p R,v(x) < Rv(x) Vx € E,
- Rve C{F.})

Define®

Q\Q = [ {a) €Q, : Rp(X,)>0and inf Ru(X,)= 0}

teQ+

Moreover, define M " (w) = e Rv(Xw)),s € Qt,w € Q,.Asin 4° (Ms[”],fl?>

seQ*
positive, bdd, supermg. Hence by Fatou’s lemma, each 7 > 0,
1 limgis,,, Mi"if lim exists
t 0 else,
is right cts, positive, bdd, super mg.”?
= Q\Q, Cc{weQ,Ir>0: M(w) >0and inf ., M (w)=0}.
Claim P*({w€Q, : M,(w)> 0and inf,, M (w) =0}) = 0*
Follows by Proposition 10.16.
|

10.16 Proposition. Let (M,, A,)s, be right-cts, positive super-mg and let
t=inf {t>0: M, =00r M,_=0}
=inf {r>0: M} Ainf {t>0: M,_=0}

be (indeed!) a stopping time. Then P(M, = 0 Vt > 7)=1.

2 R,v(X,) > 0 corresponds to X, € X, the second condition is equivalent to Range(w, f) not being
compact.

23DIY, (DOM) and if lim exists has probability 1 by MCT.

*Rationale of this: any positive super-mg reaching 0 stays zero.
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Proof. By martingale convergence theorem® lim,_ M, exists. Hence M := 0 <

lim,_, , M, closes the super-mg, i.e. (M,, A;),0 <7 < oo is a super-mg. Set
T, :=inf{t>0 : Mtgl}.
n

Then, clearly, 7, 1 7, 7, < 7 and
M, () =

Use optional stopping

Take 6 := 17+ ¢, any 0 < ¢ € Q7, then letting n 1 co
M., ,=0as (asEM,, =0),

with same exceptional set for all g, i.e. P(M_,, =0Vq € Q%Y g>0)=1.
right
— PWM,,,=0Vr>0)=1. [

cts

25 supermg _
sup, E |M,| <00,0 "= "sup,EM; < 0. So super-mg always have the MCT.
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